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NMF/Multiplicative Update Rules (NMF/NUR)

(Lee and Seung, Nature, 1999)

B minw,u (f(W,H) = 2|A- WH|%),W,H >0
VwfW,H)=(WH — AH", Vugf(W,H)=W'(WH — A)

B KKT Conditions:
W >0,H>0,Vwf(W,H)>0,Vuf(W,H) >0
Wi - VWf(Wa H)zl — OaHQJ ) va(Wa H)qj =0

B Alternating multiplicative update rules:

wTA),. .
Hy < Homrgmie, 1<a<k 1<j<n
Ty .
Wiy < Wig ol Jig 1<i<m, 1<q<k0<e<g]l

I(WHHT);,+e’
m W = w® > 0and (WRHHHE®Y), 20,

then (Vw f(W®, H®)Y,. =0
|A — W H || ¢ is monotonically non-increasing
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Convergence of NMF/ANLS

M Block Coordinate Descent method in Bound-constrained Optimization
B miny;, o ||A - WH|%, st. W,H>0

B Given A € R™*™, NMF/ANLS iteratively solves
min(f(W, H) = [|[WH — Al|¥)

fixing W with constraint H > 0 and fixing H with constraint W > 0.
M For k=1,2,...
WD ¢ qrg miny f(W, H®)
H*YD ¢ grgming f(WFTD | H)
B No matter how many blocks, if the sub problems have unique solutions,

then the limit point of the sequence is a stationary point (Powell 73,
Bertsekas 99)

B For two block problems, any limit point of the sequence is a stationary
point (Grippo and Siandrone, 00)
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NLS with Multiple Right Hand Side Vectors

B Assume W : m x kand A : m x n with m > k are Given.
B LS-S: min, |[Wh —al|lF

B [S-M: minyg |WH — Al|r
Extremely inefficient if LS-S is solved n times independently
W needs to be processed only once (e.g. compute SVD of W only once)

B NLS-S: ming>¢ ||[Wh — a||r (Lawson and Hanson 74)
Active set method: initially h =0, S, = {1,--- ,k}, S, = null
Each step solves min ||W P rP) — ]|,

B NLS-M: ming>o ||WH — Allr

B Apply NLS-S n times? Inefficient!
M Bro and de Jong 97:

Compute W W and W' A only oncein W' WH =W*'A
M Van Benthem and Keenan 04

Initialization of active set based on LS-M
Rearrange computation to be column parallel, e.g., k =3,n =4

Sp1 = {{3}7{3}’{3}’{1}}
Sp2 = {{273}7 {173}7 {273}7 {173}}
Sps = {{2,3},{1,3},{1,2,3},{1,2,3}}

Sparse NME via AlternatinaNon-neaativity Constrained Least Sauares — p.11/2



Constrained NMF (CNMF) for Sparse NMF

(Pauca et al., LAA, 2006, Pauca et al., SDM, 2004; Gao and Church,
Bioinformatics, 2005)

B ming, (|4 - WH|} +a| Wi} + BIIH|}), st W,H >0

B Multiplicative updating rules:

wTA),: —BH,. .
HQj A HC]j ((WTV)[;IIJ{)qj_F? ’ 1 S q S ka 1< J < n,

(AHT); 0 —aW; .
Wiq<_Wiq (WHHqT)iq—l—eq7 1§Z§m7 ].ngk,

a > 0 and 5 > 0 balance between approximation and sparseness

B Set negative values to zero for imposing non-negativity — not LS sol.

M /..-norm based formulations recommended to control sparsity (Tibshirani,
J. Roy. Statist. Soc. B, 1996)
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Sparse NMF using L;-norm (SNMF/R)

(Kim and Park 2007, Bioinformatics)

B SNMF/L (sparse W) and SNMF/R (sparse H)
B minw,z(|A - WH|E +0lWE+ 635, 1HGHID), W, H >0

minw, i (||A = WHI[% +0l|W% + 837, (i, HE,5))%), W, H > 0

M |nitialize W with nonnegative values
M [terate the following ANLS until convergence:

2
%74 A
min H —
H=0 ( VBe1xk ) ( O1xn > .
2
H?Y AT
minw >o wt —
\/ﬁlk Oka P

M 3 > 0and n > 0 balance between
accuracy of approximation and sparseness of H.

B Two-block coordinate-descent method.
Any limit point is a stationary point.
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Performance Comparison on Leukemia Data Set

Leukemia Data:5, 000 x 38, 3 clusters

Algorithms NMF/NUR  NMF/ANLS
#(W = 0) (W) 2.72%" 2.71%
#(H = 0) (%) 17.28%" 18.42%
Purity 0.974 0.974
Entropy 0.095 0.095

# of iterations 3806 91.5
Computing time | 159.2 sec. 7.1 sec.

k = 3, average of 30 runs. Purity and entropy computed from H with the
lowest approximation error. *The average percentages non-negative elements
that are smaller than 10~ in magnitude.
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Performance Comparison on CNS Tumor Data Set

Algorithm NMF/NUR

k 3 4 5
#W = 0) (W) 8.77%" 9.07%" 12.60%"
#(H = 0) (%) 16.99%" 24.14%" 25.43%"
# of iterations 11151 13770 16717
Computing time | 563.5 sec. 836.4sec. 1334.9 sec.
Algorithm NMF/ANLS

k 3 4 5
#W = 0) (W) 8.69% 9.03% 12.54%
#(H = 0) (%) 18.63% 25.00% 26.88%
# of iterations 105.2 100.3 130.5
Computing time 9.8 sec. 12.1 sec. 20.3 sec.

Average of 30 runs. Central Nerve System tumors: four distinct morphologies:
10 classic medulloblastomas, 10 malignant gliomas, 10 rhabdoids and 4
normals. (Brunet et al., PNAS, 2004. 2Pomeroy et al., Nature, 2002.)
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CNS Tumors Clustering by NMF/DUR

k=2 k=3
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k=4 k=5
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Reordered consensus matrices on the CNS dataset and the corresponding dispersion
coefficients p = —5 3> | 3% 4(Cij — 3)?
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CNS Tumors Clustering by NMF/ANLS
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Reordered consensus matrices on the CNS dataset and the corresponding dispersion
coefficients.
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CNS Tumors Clustering by SNMF/R
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Reordered consensus matrices on the CNS dataset and the corresponding dispersion
coefficients.
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SNMF/R (kK = 3) on leukemia data: 5, 000 x 38

Leukemia NMF/DUR SNMF/R

15 - 0.001 0.01 0.1 0.5
#(W = 0) (%) 0.10%" 2.43% 2.17% 1.57% 1.09%
#(H = 0) (%) 0.00%" 24.56% 30.70% 44.74% 51.75%
Purity 0.953 0.974 0.974 0.947 0.921
Entropy 0.141 0.095 0.095 0.158 0.210
# of iterations 502.0 328.0 139.0 77.0 95.0
Computing time 53.6 40.1 17.0 9.4 10.9

*For NMF using divergence-based multiplicative update rules (NMF/DUR) the
average percentages the non-negative elements that are smaller than 102 in

magnitude.
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SNMF/R (K = 4) on CNS tumors data: 5, 597 x 34

CNS tumors NMF/DUR SNMF/R

15 - 0.01 0.1 1.0 2.0
#(W = 0) (%) 1.65%" 8.45% 7.45% 5.06% 4.31%
#(H = 0) (%) 1.47%* 25.74% 28.68% 36.76% 41.91%
Purity 0.941 0.971 0.971 0.971 0.941
Entropy 0.122 0.071 0.071 0.071 0.144
# of iterations 566.0 319.0 174.0 134.0 103.0
Computing time 63.4 51.6 29.5 20.9 16.0

*For NMF using divergence-based multiplicative update rules (NMF/DUR) the
average percentages non-negative elements smaller than 102 in W and H.
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W and H from SNMF/R
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Leukemia dataset: 5,000 x 38, (38 samples: 19 ALL-B, 8 ALL-T, 11 AML)
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Summary

B NMF as a Dimension Reduction/Clustering method

B NMF Algorithm via Alternating Least Squares and Convergence

B Algorithms for Non-negativity Constraint Least Squares (NLS)
Single right hand side vs. Multiple right hand sides

M Other algorithms

B Sparse NMF via Alternating Least Squares and Convergence
B Imposing Constraints only on One Factor: Sparsity, Nonnegativity

B Applications : Gene clustering ...

Thank you!
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