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The Evolutionof QuantitativeRiskManagementTools
1938 Bond duration
1952 Markowitz mean-varianceframework
1963 Sharpe's single-factor beta model
1966 Multiple-factor models
1973 Black-Scholesoption-pricing model, "greeks"
1983 RAROC,risk-adjustedreturn
1986 Limits on exposureby duration bucket
1988 Limits on "greeks", BaselI
1992 Stresstesting
1993 Value-at-Risk(VAR)
1994 RiskMetrics
1996-2000 BaselI 1/2
1997 CreditMetrics
1998- Integrationof credit and market risk
2000- Enterprisewiderisk management
2000-2008 BaselI I

(Jorion 2007)
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On MathematicsandFinance(1/3)

For severaleconomics/�nanceproblems:

� no-arbitrage theory

� pricing and hedgingof derivatives(options, . . . )

� market information

� more realisticmodels

� . . .

mathematicsprovidesthe right tools/results:

� (semi-)martingale theory

� SDEs(It ô's Lemma),PDEs,simulation

� �ltrations of sigma-algebras

� from Brownian motion to more generalL�evy processes

� . . .
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On MathematicsandFinance(2/3)

It is fair to say that

Thesis1: Mathematicshashad a strong in
uence on the development
of (applied) �nance

Thesis2: Financehasgivenmathematics(especiallystochastics,
numericalanalysisand operationsresearch) severalnew areas
of interestingand demandingresearch

However:

Thesis3: Over the recentyears, the two �elds "Applied Finance"and
"Mathematical Finance"havestarted to divergeperhaps
mainly due to their own maturity

As a consequence:and due to eventslike LTCM (1998), subprime
crisis(2007/8), etc. . . .
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On MathematicsandFinance(3/3)

There are critical voicesraised(from the press):

� Mathematicianscollapsethe world of �nancial institutions
(LTCM)

� The return of the eggheadsand how the eggheadscracked
(LTCM)

� With their snappy nameand 
ashy mathematicalformulae,
"quants" were the stars of the �nance show before the credit
crisiserrupted(The Economist)

� And manymore similar comments. . .
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But what about StatisticsandQRM?

� For this talk:
f Statisticsg [ f ComputationalProbabilityg n f Econometricsg

� QRM is an emerging�eld

� Fix the fundamentals

� Concentrateon appliedissues

- Interdependenceand concentration
of risks

- Riskaggregation
- The problemof scale
- Extremesmatter
- Interdisciplinarity

� RM is as much about humanjudgement
asabout mathematicalgenius
(The Economist, 17/5/07)
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Let us look at someveryconcreteQRM issues

� The BaselCommitteeand Accords (I, Amendment(I 1/2), I I):

- BC establishedin 1974by the CentralBank Governors of the
Groupof 10

- Formulatesinternationalcapital adequacystandards for
�nancial institutions referredto as the Baselx Accords,
x 2 f I; I 1=2; I Ig so far

- Its main aim: the avoidanceof systemicrisk

� Statistical quantitiesare hardwired into the law!
- Value-at-Riskat con�dence� and holdingperiod d

VaR�; d (X ) = inff x � 0 : P(X � x) � � g

X : a rv denotingthe (minus -) valueof a position at the end
of a time period [0; d], 0 = today, d = horizon

Notation: often VaR� (X ), VaR� , VaR . . . (E)
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Statistically speaking:

VaR is just a quantile . . . (E)

However:

� Market Risk (MR): � = 0:99, d=10 days

� Trading desklimits (MR): � = 0:95, d=1 day

� Credit Risk (CR): � = 0:999, d=1 year

� OperationalRisk (OR): � = 0:999, d=1 year

� EconomicCapital (EC): � = 0:9997, d=1 year

Hence:

VaR typically is a (very) extremequantile!

But:

What to do with it?
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Minimal CapitalAdequacy:the Cook Ratio

Regulatory Capital
Risk WeightedPositions

= 8% (1)

The Quants(us!) The Accountants,Management,Board
(them!)

BaselI; I 1=2: CR, MR
(crude)

BaselI I: CR, MR, OR
(�ne)

-

�
�

�	

�
�

��

HHHHHHY

Important remark

Larger internationalbanksuseinternal models, henceopeningthe
door for non-trivial mathematicsand statistics
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An examplefrom the denominator for MR at day t :

RCt
IM (MR) = max

n
VaRt

0:99; 10 ;
k
60

60X

i =1

VaRt � i +1
0:99; 10

o
+ RCt

SR (2)

where: RC = Risk Capital
IM = Internal Model
k 2 [3; 5] StressFactor
MR = Market Risk
SR = Speci�c Risk

Remarks:
� All the numbersare statistical estimates
� k dependson statistical backtestingand the quality of the

statistical methodologyused
� A detailedexplanationof (2) �lls a wholecourse!
� The underlyingrv X typically (and alsodynamically)depends

on severalhundred(or more) factors / time series
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Sofar for the globalpicture, now to someconcrete
research themes:

� an axiomatictheory of risk measuresand their estimation

� backtestingrisk measureperformance

� rare eventestimationand (M)EVT

� a statistical theory of stressscenarios

� combininginternal, externaland expert opiniondata (Bayes!)

� scalingof risk measures,e.g. VaR� 1; T1 ! VaR� 2; T2

� risk aggregation,e.g. VaRMR
� 1; T1

+ VaRCR
� 2; T2

+ VaROR
� 3; T3

(+?)

� understandingdiversi�cation and concentrationof risk

� robust estimationof dependence

� high-dimensionalcovariancematrix estimation

� Fr�echet-spaceproblems

� . . .
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Somerecentregulatory developments:

� IncrementalRisk Charge (MR, 99.9%, oneyear)
� ConsultativeDocumenton Fair Value(November 2008)

- Strengtheningof Pillar 2

- Challengingof valuationmodels

- Understandunderlyingassumptionsand their appropriateness

- Understandthe model's theoretical soundnessand
mathematicalintegrity

- Sensitivity analysisunderstressconditions

- Backtesting,etc . . .

OverallKey Words:

� Valuation Uncertainty (BaselCommittee)

� Model Uncertainty (RiskLab,ETH Zurich)
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I: A Fr�echet-type problem
d one-period risks:

rvsXi : (
 ; F ; P) ! R; i = 1; : : : ; d

a �nancial position in X = (X1; : : : ; Xd )T :

	( X) where	 : Rd ! R measurable

a risk measureR:

R : C ! R; C � L� (
 ; F ; P) a cone,X 2 Cd

Assume:

Xi � Fi (or F̂i ) i = 1; : : : ; d (A )

someideaof dependence

Task: CalculateR
�
	( X)

�
under(A ) (3)
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In general(3) is not well-de�ned (one, no or 1 -manysolutions),
hencein the latter casecalculateso-calledFr�echetbounds:

R inf � R
�
	( X)

�
� R sup

where

R inf = inf
�

R
�
	( X)

�
under(A )

	

R sup = sup
�

R
�
	( X)

�
under(A )

	

Provesharpnessof theseboundsand work out numerically

Remark:

Replacein (A ) knowledgeof f Fi : i = 1; : : : ; dg by knowledgeof
overlappingor non-overlappingsub-vectors f Fj : j = 1; : : : ; `g
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For instanced = 3:

Scenario 1: (F1 = F1; F2 = F2; F3 = F3)

Scenario 2: (F1 = F12; F2 = F3) + dependence

Scenario 3: (F1 = F12; F2 = F23)

Theorem (R•uschendorf (1991))

inf
F (F12;F23)

P(X1+ X2+ X3 < s) =
Z

inf
F (F12j x2

;F23j x2
)
P(X1+ X3 < s� x2)dF2(x2)
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Examples:Scenario 3
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I I: OperationalRisk
BaselII De�nition
The risk of lossresultingfrom inadequateor failed internal
processes,peopleand systemsor from externalevents.This
de�nition includeslegal risk, but excludesstrategicand
reputationalrisk.

Examples:
� BaringsBank (1995): $ 1.33 bn (however. . . )
� LondonStock Exchange(1997): $ 630 m
� Bank of New York (9/11/2001): $ 242 m
� Soci�et�e G�en�erale(2008): $7.5 bn

How to measure:

� Value-at-Risk
� 1 year
� 99:9%

9
=

;
LossDistribution Approach (LDA)
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The data structure(1/2)
RT1 . . . RTr . . . RT7

BL1

...

BLb Lt
b;r

...

BL8

Lt

X =
�

X t � i ;b;r
k : i = 1; : : : ; T ; b = 1; : : : ; 8; r = 1; : : : ; 7; k = 1; : : : ; N t � i

b;r

	

Lt =
8X

b=1

7X

r=1

Lt
b;r =

8X

b=1

7X

r=1

� N t
b; rX

k=1

X t ;b;r
k

�
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The data structure(2/2)
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LDA in practice(internaldata)

Step 1 Pool the data business-linewise

Step 2 Estimate dVaR1; : : : ; dVaR8 (99.9%, 1 year)

Step 3 Add (comonotonicity): dVaR+ =
P 8

b=1
dVaRb

Step 4 Usediversi�cation argument to report

VaRreported = (1 � � ) dVaR+ ; 0 < � < 1

(often � 2 [0:1; 0:3])

Question:What are the statistical issues?
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Step 1 Data inhomogeneity: estimationof dVaRi

Step 2 Which method to use:
(M1) EVT, POT-method
(M2) Somespeci�c parametric model

- lognormal, loggamma

- Tukey's g-and-h

X = a + b
egZ � 1

g
e

h
2 Z 2

; Z � N (0; 1)

Step 3 X

Step 4 - Justify � > 0

- Possibly� < 0: non-subadditivity of VaR!
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Rare eventestimation: EVT is a canonicaltool!

Data: X1; : : : ; Xn iid � F continuous; Mn = max(X1; : : : ; Xn)

Excessdf: Fu(x) = P(X � u � xjX > u); x � 0

EVT basics:f H� : � 2 Rg generalizedextremevaluedfs

F 2 MDA(H� ) , 9cn > 0; dn 2 R : 8x 2 R; lim
n!1

P
� Mn � dn

cn
� x

�
= H� (x)

BasicTheorem (Pickands-Balkema-deHaan)

F 2 MDA(H� )

,

lim
u! xF

sup
0� x< xF � u

jFu(x) � G� ;� (u)(x)j = 0 (4)

for somemeasurablefunction � and (generalizedPareto) df G� ;� .
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The Fr�echetcase, � > 0 (Gnedenko):

F 2 MDA(H� ) , F(x) = 1 � F(x) = x � 1=� L(x)

L (Karamata-) slowly varying:

8t > 0 lim
x!1

L(tx )
L(x)

= 1 (5)

� Remark: Contrary to the CLT, the rate of convergencein (4)
for u ! xF = 1 (� > 0) can be arbitrarily slow;
it all dependson L in (5)!

� Relevancefor practice (operationalrisk)
- Industry discussion:EVT-POT versusg-and-h
- Basedon QISs:

F Baselcommittee (47 000 observations)
F Fed-Boston(53 000 observations)
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� Typical (g,h)-valuesfor OR: g � 2:4, h � 0:2

Theorem (Degen-Embrechts-Lambrigger)

For g; h > 0; Fg;h(x) = x� 1=hLg;h(x)

Lg;h(x) /
e

p
log x

p
logx

rate of convergencein (4) = O
�
(logu) � 1=2�

� Conclusion:in a g-and-h world (h > 0), statistical estimators
may convergevery slowly

� However: be aware of "taking modelsout of thin air"!
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Somecommentson diversi�cation

X1; X2 iid; g-and-h; � g;h(� ) = VaR� (X1)+V aR� (X2)� VaR� (X1+ X2)

Recallthat

� g;h(� )

8
<

:

> 0 diversi�cation potential
= 0 comonotonicity
< 0 non-coherence

� = 0:99 � = 0:999
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I I I: Multivariate ExtremeValueTheory
� Recallthe Rickands-Balkema-deHaanTheorem (d = 1)

� Question:How to generalizeto d � 2?
- componentwiseapproachinvolvingmultivariate regular

variation, spectral decomposition and EV-copulas
- geometricapproach
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MEVT: Geometricapproach

� X = (X1; : : : ; Xd )

� H: a hyperspacein Rd

� XH : vector with conditionaldf givenf X 2 Hg

� � H : a�ne transformations

� Study:

WH = � � 1
H (XH ) d! W for P(X 2 H) ! 0

Basicquestions:

� determineall non-degeneratelimits W

� givenW, determine� H

� characterizethe domainsof attraction of all possiblelimits
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MEVT: Geometricapproach

Characterizationof the limit laws (d = h + 1, � = � (�; h)):

g0(u; v) = e� (v+ uT u=2) w = (u; v) 2 Rh+1 (6)

g� (w) = 1=kwkd+ � w 6= 0 (7)

g� (u; v) = (� v � uT u=2)� � 1
+ v < � uT u=2 (8)

Examplesin the domainsof attraction:

� multivariate normal distribution for (6)

� multivariate t distribution for (7)

� uniform distribution on a ball for (8)

� and distributionsin a "neighbourhood" of these
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Relevantresearch topicsare:

� concreteexamples
e.g. meta distributions,skew-symmetric
distributions,.. . (Balkema,Lysenko, Roy)

� statistical estimationof multivariate rare events
(widely open in this context, e.g. Foug�eres,Soulier,.. . )

� stochasticsimulationof suchevents(McLeish)

Changeof paradigm:

� look at densititesrather than distribution functions;here
geometryenters

� new terminology: bland data, rotund levelsets,. . .
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IV : Two classicalresultsfrom mathematics

Theorem 1
In the spacesLp, 0 < p < 1, there exist no convexopen setsother
than ? and Lp.

Theorem 2 (Banach-Tarski paradox)

Givenany boundedsubsetsA; B � Rn, n � 3, int (A) 6= ? and
int (B) 6= ? , then there exist partitions A = A1 [ : : : [ Ak ,
B = B1 [ : : : [ Bk suchthat for all 1 � i � k, Ai and Bi are
congruent.

Paul Embrechts (ETH Zurich) Statistics and QRM 34 / 38



And their consequences

� (Theorem 1) On any spacewith in�nite-mean risks there
existsno non-trivial risk measurewith (mild) continuity
properties

(beware: OperationalRisk: joint work with Val�erie
Chavez-Demoulinand JohannaNe�slehov�a)

� (Theorem 2) Mathematicspresentsan idealizedview of the
real world; for applications,always understandthe conditions

(beware: CDOs;mark-to-market, mark-to-model,
mark-to-myth!)
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Conclusions

� QRM yieldsan exciting �eld of applicationswith numerous
interestingopen problems

� Applicability well beyond the �nancial industry

� I expect the years to comewill seean increasingimportance
of statisticswithin �nance in generaland QRM in particular

� Key words: extremes/rare events/ stresstesting,
multidimensionality, complexdata structures, large data sets,
dynamic/multiperiod risk measurement

� (Teachingof/ research on/ communicationof) these
techniquesand resultswill be very challenging

� As a scientist: always be humblein the faceof real
applications
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By the way, if you want to seehow someof the outsideworld of
economicsviewsthe future useof statistics,you may google:

� Super Crunchers

It is all relatedto the analysisof

� Large data sets

� Kryder's Law

But alsogoogleat the sametime

� George Orwell, 1984
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ManyThanks!
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