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This talk is basedon joint work with many people:
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The Evolutionof Quantitative Risk Managemenilools

1938
1952
1963
1966
1973
1983
1986
1988
1992
1993
1994
1996-2000
1997
1998-
2000-
2000-2008

Bond duration

Markowitz mean-vaiance framework
Shape's single-facto beta model
Multiple-factor models
Black-Scholesption-gricing model, "greeks"
RAROC, risk-adjustedreturn

Limits on exposureby duration bucket
Limits on "greeks", Basell
Stresstesting

Value-at-Risk(VAR)

RiskMetrics

Basell 1/2

CreditMetrics

Integration of credit and market risk
Enterprisewiderisk management
Baselll

(Jorion 2007)

Paul Embrechts (ETH Zurich) Statistics and QRM

3/ 38



On Mathematicsand Finance(1/3)

For severaleconomics/ nanceproblems:
no-abitrage theay
pricing and hedgingof derivatives(options, . . .)
market information
more realisticmodels

mathematicsprovidesthe right tools/results:
(semi-)matingale theay
SDEs(Itd's Lemma), PDESs, simulation
Itrations of sigma-algekas
from Brownian motion to more generalLevy processes
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On Mathematicsand Finance(2/3)

It is fair to say that

Thesis1l: Mathematicshashad a strongin uence on the development
of (applied) nance

Thesis2: Financehasgiven mathematics(especially stochastics,
numericalanalysisand operationsreseach) severalnew areas
of interestingand demandingreseach

However:

Thesis3: Overthe recentyeas, the two elds "Applied Finance"and
"Mathematical Finance"havestarted to divergeperhaps
mainly dueto their own maturity

As a consequenceand dueto eventslike LTCM (1998), subpime
crisis(2007/8), etc. ...
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On Mathematicsand Finance(3/3)

There are critical voicesraised(from the press):

Mathematicianscollapsethe world of nancial institutions
(LTCM)

The return of the eggheadsand how the egghead<racled
(LTCM)

With their snapfy nameand ashy mathematicalformulae,
"guants" werethe stars of the nance shav befae the credit
crisiserrupted (The Economis}

And many more simila comments. . .
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But what about Statisticsand QRM?

For this talk:
f Statisticgg [ f ComputationalProbabilityg n f Econometricg

QRM is an emerging eld

QUANTITATIVE

Fix the fundamentals
Concentrateon appliedissues

- Interdependenceand concentration
of risks

- Riskaggregation

- The problemof scale

- Extremesmatter

Comoe il - Interdisciplinaity

Ridiger Frey
Paul Embrechts

RM is as much about humanjudgement
as about mathematicalgenius
(The Economist 17/5/07)
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Let uslook at someveryconcreteQRM issues

The BaselCommitteeand Accads (I, Amendment(l 1/2), 11):

- BC establishedn 1974 by the Central Bank Governos of the
Groupof 10

- Formulatesinternational capital adequacystandads for
nancial institutions referredto asthe Baselx Accads,
x 2 fl;1 1=2;11g sofar

- Its main aim: the avoidanceof systemicrisk

Statistical quantitiesare hardwired into the law!
- Value-at-Riskat con dence and holding period d

VaR. ¢(X) = inffx 0:P(X Xx) g

X: arv denotingthe (minus -) valueof a position at the end
of a time periad [0;d], 0 = today, d = hoarizon
Notation: often VaR (X), VaR , VaR...(B
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Statistically speaking:
VaRis just a quantile... (B

However:
Market Risk(MR): = 0:99, d=10 days
Trading desklimits (MR): = 0:95, d=1 day
CreditRisk (CR): = 0:999 d=1 yea
OperationalRisk (OR): = 0:999, d=1 yea
EconomicCapital (EC): = 0:9997, d=1 yea

Hence:
VaR typically is a (very) extremequantild
But:

What to do with it?
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Minimal Capital Adequacy:the Cook Ratio

The Accountants,Management,Board

The Quants (us!) (them!)
Regulatoy Capital
-_ Risk Weighted Positions 8% @)
My
Hy
Hy
Basell; | 1=2: CR,MR Baselll: CR, MR, OR
(crude) (ne)

Important remak

Larger internationalbanksuseinternal models henceopeningthe
door for non-trivial mathematicsand statistics
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An examplefrom the denominato for MR at day t:

n Y60 (o}
K .
RGi (MR) = max VaR.gg, 10; 0 VaRyg510 +RGr (2
i=1

where: RC = Risk Capital
IM = Internal Model
k 2 [3; 5] StressFactar
MR = Market Risk
SR = Speci ¢ Risk
Remaks:
All the numbersare statistical estimates
k dependson statistical backtestingand the quality of the
statistical methodology used
A detailedexplanationof (2) lls a wholecourse!
The underlyingrv X typically (and alsodynamically)depends
on severalhundred(or mare) factors / time series
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Regulatory capital and capital ratios @) Table 38

(€4 milione, except percentage amounts) 2007 2006
Tier 1 capital
Common equity (2) $ 2272 $ 21,065
Non-cumulative preferred shares 2,344 1,345
Trust capital securities 3,494 3.222
Other non-controlling interest in subsidiaries 25 28
Goodwill (4,752) (4,182)
23,383 21478
Tier2 capital
Permanent subordinated debentures i 779 839
Non-permanent subordinated debentures ) 5,473 6313
General allowances 1,221 1223
Trust capital securities (excess over 15% Tier 1) = 249
Trust subordinated notes 1,027 -
Accumulated net unrealized gain on available-for-sale equity securities (s) 105 -
8,605 8,624
Other deductions from capital
Investment in insurance subsidiaries (2,912) 2,795)
Other (505) (843)
Total capital S 28571 $ 26,664
Capital ratios.
TeT 1 Cap Al 10 fiek ad|Usted Aosets 9.4 2,67
olalcapital {0 nisk-adjust assels 11.5% 11.9%
Assets-to-capital multiple 19.9% 19.7%
(1) Asdefined in the guidelines issued by the OSFL
@ aquity $2,050 millon and oth i or$117 mition
@ subardinated aturity 10 zer0 4 Iy, are incuded sbove attheir
amortizedyalue.
@ . 0
fency transiation adjustmznts are ncluded In Ter 1 capital (AFS) ecuties are deducted Inthe determination of
fer1 inTier 2 capital.

Asat October31, 2007, the Tier 1 capital ratio was 9.4% and the Total
capital ratio was 11.5%.
The Tier 1 capital ratiowas down 20 bps from a yearago. The

Tier 1 capital ratio

w- decrease was largely due to business growth, including acquisitions,
9% L 9k S o which resulted In an increase in RAA and a higher goodwill deduction

i from capital. The impact of our common share repurchases under our

e normal course issuer bid also contributed to the decrease. These fac-

tors were partially offset by strong generation of capital from earnings

* and the issuance of preferred shares.

o The Total capital ratio was down 40 bps from a year ago due to
03 a4 2005 2008 007 growth in RAA and the redemption of subordinated debentures, These

factors were partially offset by the issuance of trust subordinated notes.
As at October 31, 2007, our assets-to-capital multiple was
Our assets-to-canital multinle.
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Daily net trading revenue and global VaR (), (2) (c$ millions) Histogram of daily net trading revenue (1), (2) (number of days)

60 2

Daily net trading revenue (C$ millions)

November February May August October
2006 2007 2007 2007 2007
| Daily nettrading revenve ~ — GlobalVak

(1) Trading revenue on a taxable equivalent basis excluding revenue related to consolidated VIEs.
(2)  The $357 million writedown on the valuation of U.S. subprime RMBS and CDOs of ABS was included on October 31,2007.
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Sofar for the globalpicture now to someconcrete
reseach themes

an axiomatictheay of risk measuresand their estimation
backtestingrisk measureperfamance

rare eventestimationand (M)EVT

a statistical theay of stressscenaios

combininginternal, externaland expert opiniondata (Bayes!)
scalingof risk measurese.g. VaR .1, ! VaR .7,

risk aggregation,e.g. VaR"™; + VaReR ;. + VaRoR . (+?)
understandingdiversi cation and concentrationof risk
robust estimationof dependence
high-dimensionatovaiance matrix estimation
Frechet-spacgroblems
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Somerecentregulatey developments

IncrementalRisk Chage (MR, 99.9% oneyea)
ConsultativeDocumenton Fair Value (Novemier 2008)

Strengtheningof Pillar 2
Challengingof valuation models
Understandunderlyingassumptionsand their appropriateness

Understandthe model's thearetical soundnessnd
mathematicalintegrity

Sensitivily analysisunder stressconditions
Backtesting,etc . ..

OverallKey Words:
Valuation Uncertainly (Basel Committee)
Model Uncertainty (RiskLab,ETH Zurich)
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I: A Frechet-ype problem
d one-period risks:

rvsX;:( ;F;P)! Ry i=1::::d

( X) where :RY! R measurable
arisk measureR:

R:C! R; C L( ;F;P)aconeX2c"

Assume:
Xi Fi(orF) i=1::;d (A)

someideaof dependence

Task: CalculateR ( X) under(A) (3)
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In general(3) is not well-de ned (ong no or 1 -many solutions),
hencein the latter casecalculateso-calledFrechetbounds

Rinf R ( X) Rsup
where

Rinf = inf R ( X) under(A)
Rsup=sup R ( X) under(A)

Prove shapnessof theseboundsand work out numerically

Remak:
Replacein (A) knowledgeof fF; : i = 1;:::;dg by knowledgeof
overlappingor non-overlappingub- vectmsfFJ cj=L1n0d

Paul Embrechts (ETH Zurich) Statistics and QRM 18/ 38



For instanced = 3:
Scenaio 1: (F1 = Fy; Fo = Fp; F3 = Fg)
Scenaio 2: (F1 = Fi2; Fo = F3) + dependence
Scenaio 3: (F1 = Fi2; F2 = Fa3)

Theaem (Ruschendd (1991))

z

inf  P(X1+ Xy+X3< s) = inf P(X1+X3< s Xp)dF(x2)
F (F12;F23) F (F1zixy;F231x,)
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Examples:Scenao 3

Pareio marginals wih parameter 1-20/10 PARETO marginals win paramater 120110

ar atlovel 200 1000

Worst case \ 3
besi-case N

P T T w0 m w

= El o 1 0 o E)
o9(a) (parametar of the CLAYTON copus) @ (paramatoroftha (-5) copla)

Parcto masginals Wit paramoler 08110

Varattevel 500 1000

& = <= z 9ac




II: OperationalRisk
Baselll De nition

The risk of lossresultingfrom inadequateor failed internal
processespeopleand systemsor from externalevents. This

de nition includeslegalrisk, but excludesstrategicand
reputationalrisk.

Examples:
Barings Bank (1995): $ 1.33 bn (however...)
LondonStock Exchangeg(1997): $ 630 m

Bank of New York (9/11/2001): $ 242m
Saciete Gererale (2008): $7.5bn

How to measure:

9
Value-at-Risk =

1 year . LossDistribution Approach (LDA)
99:9% '
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The data structure(1/2)

RT; ... RT, | ... RT;
BL1
BL, L.,
BLg
Lt

b=1 r=1 b=1 r=1 k=1
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The data structure(2/2)

2

10

Mean Excess
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LDA in practice (internal data)

Step1 Pool the data business-linavise

N P,
Step3 Add (comonotonicif): ¥aR. = = §_, ¥aR,

Step 4 Usediversi cation argumentto report
VaReported = (1 )‘daR+; 0< <1

(often 2 [0:1;0:3])

Question: What are the statistical issues?

Paul Embrechts (ETH Zurich) Statistics and QRM 24/ 38



Step 1 Data inhomogeneit: estimationof WaRr

Step 2 Which methad to use:
(M1) EVT, POT-method
(M2) Somespeci ¢ parametric model
- lognamal, loggamma
- Tukey's g-and-h

9Z
X = a+ beg—legzz; Z N(O;1)

Step3 X

Step4 - Justify >0
- Possibly < 0: non-subadditiviy of VaR!
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Rare eventestimation: EVT is a canonicaltool!

Excesdf: Fy(x) = P(X u XxjX > u); x 0

EVT basics:fH : 2 Rg generalizecextremevaluedfs
. Mn dn
F 2 MDA(H ), 90n>0;dn2R:8x2R;nII|1mP c X = H (X)
: n
BasicTheaem (Pickands-Balkma-deHaan)
F 2 MDA(H )
lim sup jFu(x) G. uy(X)j=0 (4)

ul XF o x<xg u
for somemeasurabldunction and (generalizedPareto) df G . .
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The Frechetcase > 0 (Gnedeng):

F2MDAH) , F(X) =1 F(x)=x ¥ LX)
L (Karamata-) slowly varying:
8t > 0 lim LX) = (5)
x11 - L(X)

Remak: Contray to the CLT, the rate of convergencén (4)
foru! xe=1 ( > 0) canbe arbitrarily slow;
it all dependson L in (5)!

Relevancedor practice (operationalrisk)

- Industry discussion:EVT-POT versusg-and-h
- Basedon QISs:

F Baselcommittee (47 000 observations)
F Fed-Boston (53 000 observations)
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Typical (g,h)-valuesfor OR:g 24,h 0:2

Theaem (Degen-Emlechts-Lambgger)

For g;h> 0,  Fgn(x) = x Lgn(x)
R

Lg:n(x) / pﬁ

rate of convergencén (4) = O (logu)

Conclusion:in a g-and$ world (h > 0), statistical estimatas
may convergevery slovly

However: be aware of "taking modelsout of thin air"!
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Somecommentson diversi cation

X1; Xz iid; g-andh;  g:n( ) = VaR (Xg)+VaR (Xz) VaR (Xi+Xp)

Recallthat 8
< > 0 diversication potential
gh( ). = 0 comonotonicity
" < 0 non-coherence
= 0:99 = 0:999
\\9’\2‘“’ 2] &
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[11: Multivariate ExtremeValue Theay

Recallthe Rickands-Ballema-deHaan Theaem (d = 1)

Question: How to generalizéo d 27
- componentwiseapproachinvolving multivariate regula
variation, spectral decompmsition and EV-copulas
- geometricapproach
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MEVT: Geometricappoach

H: a hyperspacen RY
XH: vecta with conditionaldf givenf X 2 Hg
H. ane transfamations

Study:
Wh= X" 1% wWfor P(X2 H)! 0

Basicquestions:
determineall non-degeneratéimits W
givenW, determine
chaacterizethe domainsof attraction of all possiblelimits

Paul Embrechts (ETH Zurich) Statistics and QRM 31/ 38



MEVT: Geometricappoach

Chaacterizationof the limit laws(d = h+ 1, = (; h)):
Go(u;v) = e (vruu=) w= (uv) 2 R (®)
g (w) = 1=kwkd* wé 0 7)
g(uv)=( v uTu=2), ?! v< uTu=2 (8)

Examplesn the domainsof attraction:
multivariate normal distribution for (6)
multivariate t distribution for (7)
uniform distribution on a ball for (8)
and distributionsin a "neighbourhood” of these
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Relevantrese&ch topicsare:

concreteexamples
e.g. metadistributions, skew-symmetric
distributions,.. . (Balkema, Lysenl, Roy)

statistical estimationof multivariate rare events
(widely openin this context, e.g. Fougeres,Soulier,...)

stochasticsimulationof suchevents(McLeish

Changeof paradigm:

look at densititesrather than distribution functions; here
geometryenters

new terminology: bland data, rotund levelsets,. ..
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IV : Two classicalesultsfrom mathematics

Theaem1

In the spaced P, 0< p < 1, there exist no convexopen setsother
than ? and LP.

Theaem 2 (Banach-TBrski paado)

Givenany boundedsubsetsA; B R", n  3,int(A) 6 ? and
int(B) 6 ?, then thereexistpartitions A= A [ :::[ Ax,
B=Bi[ :::[ Bx suchthat forall1 i k, A; andB; are
congruent
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And their consequences

(Theorem 1) On any spacewith in nite-mean risksthere
existsno non-trivial risk measurewith (mild) continuity
properties

(beware: OperationalRisk: joint work with Valerie
Chavez-Demoulimnd JohannaNeslehowa)

(Theorem 2) Mathematicspresentsan idealizedview of the
real world; for applications,always understandthe conditions

(beware: CDOs; mark-to-market, mark-to-model,
mark-to-myth!)
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Conclusions

QRM yieldsan exciting eld of applicationswith numerous
interestingopen problems

Applicability well beyond the nancial industry

| expect the yeas to comewill seean increasingmportance
of statisticswithin nance in generaland QRM in particular

Key words: extremes/rare events/ stresstesting,
multidimensionaliy, complexdata structures large data sets
dynamic/multiperiod risk measurement

(Teachingof/ reseach on/ communicationof) these
techniquesand resultswill be very challenging

As a scientist: always be humblein the face of real
applications

Paul Embrechts (ETH Zurich) Statistics and QRM 36/ 38



By the way, if you want to seehow someof the outsideworld of
economicsviewsthe future useof statistics, you may google:

Super Crunchers
It is all relatedto the analysisof

Large data sets
Kryder's Law

But alsogoogle at the sametime

Geagge Orwell, 1984
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