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Introduction

e Assumptions: (x;,v;)l ¢ ~ P(z,y).
e Find a function f(x) — y.
o Risk : R[f] = EL(Y, f(X))

[*(x) = argmin;R[f] J

e.g., [*(x) =E(Y | X = «) under squared error loss.

@ Empirical risk minimization

fn(x) = argminscr %ZL(yZ,f(mZ)) J

i=1



Introduction
Regularization

@ Regularization:

i Rulf] + AQ[f] J

Consider a linear regression model: f(x) = '3,

BoLs = argmingegs > _(yi — }B)°.

7

Large p small n: p >> n.
Q(B) = |18|I* (ridge); |8] (LASSO).



Introduction

Reproducing Kernel Hilbert Space (RKHS)

o Hig ={f(x),x € X}.
e K(-,-) is a semi-positive definite bivariate symmetric function
defined on X x X, i.e.
m m
ZZ%%K(%,%’) >0, Va; €R,Vr; € X,YmeN.
i=1 j=1

@ Denote ky () = K(u,-).

Hy = span{ky(:),u € X'}.
@ Reproducing property: Vf € Hg Vxg € X

f(mo) = <f7 kﬂ:o) = <f7K(m07 )>



A Simple Examples of RKHS

o Consider all lineal functions in R? passing the origin, i.e.
Hi = {fo(x) = 0°x = 0121 + Oaxa, 0 € R?}
with
(fo, fr) = 0N\, K(z,2') = x'a’ = x12] + zo2).
@ Reproducing property : V fy,
fo(®o) = 0'wo = (fo, fay)-

@ Semi-positive definite :

Zi:zj:aiaj (i, ;) (Zaw,) -(zj:ajazj> =|| Zi:aia:iHQ



More Examples of RKHS

e Any RKHS is a space of linear functions and K (-,-) represents
a dot product
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Introduction

More Examples of RKHS

e Any RKHS is a space of linear functions and K (-,-) represents
a dot product in the feature space.

o Feature mapping ¢: « € R? — ¢(x) € RV,
(z1,72) € R? — (1, @1, 0, 27, 23, £122) € RS

o Hi = {fo(x) = 0" ¢(x)} and K(z,2) = ¢(z)" - ¢(x').
@ Examples

o Polynomial kernels: K (z,z') = (1 + z'z’)e.

e Gaussian radial basis kernels:

/12
(xz,x') = exp o7
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Representer Theorem

(Kimeldorf and Wahba, 1971)

f@) = argminpere S Lo, f(@i)) + M 1B
=1
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Introduction
Representer Theorem

(Kimeldorf and Wahba, 1971)

f@) = argminfeHK%ZL@i,f(w»)+AHfH%K
=1

n
= E ke, (x g o K(xz,x;)
i=1

Proof : Let H; = span{kg,,...,kz, } and Ho = H{,
f=h+/fs Hrk=Hi@&H

o |17 = 1Al
o f(x;) = fi(x;) because

<f, k:m) = <f1 + f27km¢> = <f1>k7w¢>
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A Nonparametric Bayesian Approach
Primer on Bayesian Analysis

Data and a parametric family: y ~ p(- | )
Prior on 6: m(0)

Joint distribution on (y,0): p(y | )7 (0)
Posterior inference:

(y [ 0)m(0)

w019 = iy T aye(aas =P O7O)




A Nonparametric Bayesian Approach
Connection to Regularization

e Log posterior = logp(y | 0) + log7(6) + ...

Posterior Mode = argmin Z(yZ — fo(x;))? — clog ()

i

@ Regularization

argmin Z 2 1 AQ[f]



A Nonparametric Bayesian Approach
Connection to Regularization

e Log posterior = logp(y | 0) + log7(6) + ...

Posterior Mode = argmin Z(yZ — fo(x;))? — clog ()

i

@ Regularization

argmin Z 2 1 AQ[f]

o m(0) ox exp{—AQ|[f]}. For example, when fy = 'z,
o Ridge (||0]|*) <= normal
o LASSO (]f|) <= double exponential



A Nonparametric Bayesian Approach

Previous Work

For example, Tipping 2001, Chakraborty et al. 2005, and others.

@ Start with the finite representation from the representer
Theorem:

Z a;K(x,x;) (%)
i=1

@ Specify priors on the coefficients oy's.

@ Their models change when sample size changes without a
coherent argument.

e Can we justify (*) using the connection between regularization
and posterior mode?



A Nonparametric Bayesian Approach

An Orthonormal Representation of H

@ For Mercer kernels,

w) =Y Ao (@);(u)
j=1

where ¢; is a sequence of orthonormal functions and
M=Xo > >0

@ (Cucker and Smale, 2001) Vf € Hy,
o2
z) =Y ajoi(@), Y /\7]
J J
That is, Hx can be parameterized by

A= {(ay)52 Za/)\ < 00}



A Nonparametric Bayesian Approach

An Overcomplete Representation of Hy

@ Recall

Hi =span{K(-,u),u € X'}

o Start with a larger space

ﬂ@:Ameﬂw,

where I'(u) is a sign measure on X.

@ In this talk, we focus on the following representation

ﬂ@=AM@M%mMWL

where w(u) denotes the coefficient at location w and F' denotes the
distribution function of the location u.



A Nonparametric Bayesian Approach

An Overcomplete Representation of Hy

@ Recall

Hi =span{K(-,u),u € X'}

o Start with a larger space

ﬂ@:Ameﬂw,

where I'(u) is a sign measure on X.

@ In this talk, we focus on the following representation

ﬂ@zAwMK@wﬁﬂm,

where w(u) denotes the coefficient at location w and Fx denotes
the distribution function of explanatory variable X.



A Nonparametric Bayesian Approach
Dirichlet Process Priors

@ Beta (o, 3) on z € [0, 1]
f(z) oc 22711 — 2)P!

e Dir (av,...,ax) on (z1,...,x%) where z; € [0, 1] and

2itri=1

fla) oca§rt gt

e DP(ap, Fp) on F (note F is a random distribution on X):
for any measurable partition of X,

F(Bl), F(BQ), N F(Bk) ~ Dir(al, e ,Oék),

where a; = aoFy(B;).



A Nonparametric Bayesian Approach
A Bayesian Representer Theorem

Given x1, @2 ..., z, ~ F, with DP(ag, Fy) prior on F, the
posterior distribution of F is DP(ag + n, agFp + > 04,). So

o 1 -
E[F‘mla'--ywn]: 2 F0+a0+n25mi'
=1

ag+n

Bayesian Representer Theorem
For f(z) = [ w(u)K (2, u)dF x(u), under a Dirichlet prior on Fx,




A Nonparametric Bayesian Approach

Prior Specification

e Likelihood: Y | N (wo + Kw, 0%1,) where K,,«,, be the
centered kernel matrix at the n data points.

e Non-informative prior on (wyg, o?),
m(wy, 0%) o 1/0*
o Generalized g-prior on w (West 2002)
w| T ~ NOUATITIATIUY
~ Gamma (%0, %Ov), ~ Exp(ap)

where U and A come from K = UAU®.

o Kw = U3, then the prior on w corresponds to a student ¢
distribution on S.



A Nonparametric Bayesian Approach
Model Fitting via MCMC

@ Gibbs sampling

o Draw T = diag(r,...,m) ~ Ga(, )
o Draw v ~ Ga( , )

e Probit model: (x,y) — (x,y, z) and
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Semi-supervised learning

Semi-supervised Learning

Supervised learning (labelled data):

@ Unsupervised learning (unlabelled data):
(®;) ~ Px(x)

Semi-supervised learning:

(i, yi)jy ~ P, ()4, ~ Px

How's it different from missing data?



Semi-supervised learning
The Role of Unlabelled Data

e Data D = (X,Y, XY) where

(X,Y) ~ P(z,y)=plx|¢)ply|z,0)
XY ~ Px(x)=p(x]| o)

@ Prediction of y* at a new location x*,
= /y*p(y* | x*,0)7(0 | D)dOdy*.

@ The key to understand the role of X™ is
n01D) = [(6.0] D)o
s [ HX XY [ (Y | X, 0)m(0,0)ds



Semi-supervised learning
An Intimate Relationship

o Px,y) =p(x | o)ply | z,0)
@ Recall that y | & ~ N (f(x),0?) where

f(x) = /w(u)K(:c,u)dFX(u).

So in our model, 8 = (¢, ...). Therefore unlabelled data will

be relevant and should be incorporated into prediction.
e By our Bayesian representor Theorem, given (x;, ;) ; and
+
()5S0

n+m

Zwl T, ;) Z w; K (x, ;).

j=n+1



Semi-supervised learning

Connection to Regularization

@ Transductive SVM (TSVM) (Joachims, 1999)

n n—+m
argmin CzlL(yz‘y flz:)) +C* ZIL(%‘, f(z:)) + Hf”?iK
= i=n-+

e Manifold regularization (Belkin et al, 2005)

argmin > L(yi, f(2:)) + Mllf 17y, + el f17:
i=1

where || f||2 measures the intrinsic structure of Fx and is
approximated on all the data (include the unlabelled ones)
using graph Laplacian.



Semi-supervised learning

2t b g 1
L
151 ® #g 4
®
LI @ . e
8 % &
05k N ') i
R ®
L % ® i
0 # &
05 g
&
L
At g & By e i
& -
&
A8 ® E
LET
ot @¥y 4
L

215 -1 4095 0 058 1 15 2 215 140568 0 058 1 18 2



Semi-supervised learning

2 151 050 051 152 215 105 0051 15 2




Semi-supervised learning

£2-15-1050 051 15 2 £2-15 105 0051 15 2



£2-15-1 050 05 1

15

z

0s

Semi-supervised learning

. . e
..
.
. -
M &
. . Y
.
* * -
. i
.
.
& ” .
- +
B
-~
* A
- :’
+ PL I L
i * :
* *
L 3
N
T W 7
2151050051 15 2



Semi-supervised learning
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Semi-supervised learning

Cancer Data
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Semi-supervised learning

Cancer Data

95% Credible Interval Using Unlabelled Data
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@ A coherent Bayesian approach on RKHS:

o characterize RKHS using an overcomplete representation;
e specify priors on the whole RKHS;

@ incorporate the relevant information from the unlabelled data.
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Conclusion

@ A coherent Bayesian approach on RKHS:

o characterize RKHS using an overcomplete representation;

e specify priors on the whole RKHS;

@ incorporate the relevant information from the unlabelled data.
e Future work:

o Other choice of priors and sensitivity study
e Feature selection
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