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Abstract

An asymptotic expansion is developed for the joint density of the sum and maximum of an
i.7.d. sequence when the parent distribution is in the domain of extreme value attraction of the
Gumbel distribution. Previous results by Chow and Teugels, extended by Anderson and Turk-
man, show that in this situation, the normalized sum and normalized maximum of the sample
converge to independent normal and Gumbel distributions, but they have not characterized the
rate of convergence. The present development proceeds via three technical propositions. The
first extends previous results by Cohen and by Smith to derive the rate of convergence of the
density of the sample maximum to a limiting Gumbel density. The second technical proposition
is a conditional Edgeworth expansion for the sum given the maximum. The third concerns the
expansion of conditional means and variances. By combining these propositions, a leading-term
expansion is developed for the dependence between the sum and the maximum, and uniform
convergence is proved over an expanding sequence of subsets of the plane. Simulations allow us
to assess the practical applicability of the results. They show that for moderate sample sizes, the
sum and the maximum are far from being independent, but that the leading-term asymptotic
expansion is a substantial improvement over independence of the two random variables.

1 Introduction

This work extends the research into the relationship between the sum and maximum, specifically,
the work of Chow and Teugels(1978) with the éid case — followed by Anderson and Turkman(1991)
with the stationary case — who established that, under certain conditions on the domains of attrac-
tion, the sum and the maximum are asymptotically independent. They showed under appropriate
conditions that the joint distribution function of the normalized sum and the normalized maximum

converges to the product of their appropriate asymptotic distributions: a stable law for the sum
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multiplied by one of the three extreme value distributions for the maximum. A chief theoretical
question that remains is what is the rate of convergence to this asymptotic independence. The
associated statistical methodology question is, for moderate sample size, how does one model the
dependence structure between the sum and the maximum. Given the importance of both the rate
of convergence and the statistical modelling questions, an important development in this area is a

higher order expansion for the joint density of the sum and the maximum.

The primary goal of this paper is to establish a higher order term for this joint density when the
maximum lies in the Gumbel domain of attraction. Here the focus is on the density, as opposed
to the distribution function, for direct applications into likelihood functions. The other domains of
attraction for the maximum, the Fréchet and the Weibull, are covered in Grady and Smith (2003).

Statistical applications in climatology will be developed elsewhere.

1.1 Notation

Let X1,..., X, be an iid sequence of random variables with common distribution function F' which
has density f and characteristic function ¢ where the support of F lies on (x;, z,) where —co < xy,
T, < 0o. We assume the existence of the third moment ug from which follows the existence of the

mean j, variance o2, and third cumulant /Cs.
Define S,, = Z?:l X,; with the normalized version as

" Vno?

and M,, = max;<;<p X; with the normalized version as

where p real and o > 0 (1)

M =="""""" where a, > 0,b, real. (2)

We define the distribution function of S} as Fs» with density fs:(w) = dFs: (w)/dw. We also define
the distribution function of My as Fisx(v) = F"(anv + b,) with density far-(v) = dFax(v)/dv =
nF" Y anv + by) f(anv + by)a,. To simplify let u,, = a,v + b,. Finally, we denote the joint density

of Sy and My as fs- ar=(w,v).
1.2 Main Result

We use three sets of conditions — one set for deriving the expansion of the density of the maximum,
another set for deriving the expansion of the conditional density of sum given the maximum, and
one extra condition necessary for deriving the expansions of the appropriate moments. Under these

conditions, defining

br, —
) Ynozr ToT X
T'n = Lo— [
Ty < OO



we have
| fsx mz (w,0) = fsx (w) farz ({1 = rp(e™ — Dw}| = o(ry)
uniformly Vw and V|v| < e, where e, is given explicitly in Proposition 1 and tends to co as n — cc.

In particular, the rate of convergence to asymptotic independence is of the order O(b—\/%) for z, = o0

and O(ﬁ) for z, < o0.

We derive two corollaries under the same set of conditions as in the main theorem. In the first of
these corollaries, we substitute in the appropriate asymptotic densities for fysx and fs: — namely,
the Gumbel density and the normal density, respectively. We conclude that the leading order
expansion terms in this case not only include the term in the main result which models a first order
approximation to the dependence between the sum and the maximum but also, depending on the
underlying distribution, could incorporate the expansion terms associated with the density of the
maximum and/or Edgeworth expansion terms associated with the density of the sum. A second
corollary to the main theorem establishes a higher order expansion for the joint density for the
penultimate approximation case. In this case, the resulting higher order terms are identical to those

in the previous results.

Our approach in solving this higher order expansion for the joint density is to rewrite fsx as- (w,v) =
fszaa: (wlv) X fars (v) where fg-|ar- (w|v) is the conditional density of S} given M,;. Then we need
to establish three key expansions. These expansions form three main propositions of this paper which
in turn are central to establishing the main result. In the first of these proposition (Proposition 1)
we derive the expansion for fy-. In the second (Proposition 3), we establish the expansion for a
transformation of fgx . Finally in the third (Proposition 4), we derive the expansions for the

appropriate conditional moments.

1.3 Proposition 1: The expansion of the density of the maximum

We assume that I lies in the Gumbel domain of attraction. We let A denote the Gumbel distribution

function and A’ denote its density where

Following Smith (1987), we assume F' has the representation

—log F(z) = c¢(z)exp {—/_; qﬁi)} Vo <z, (3)

where ¢ is a positive twice differentiable function, ¢'(z) — 0 and ¢(z) — 1 as * — x,, and
o =sup {x : 1 — F(x) > 0}. This representation, originally due to Balkema and de Haan (1972),

is an adaptation of a Karamata representation for F' € D(A).

The normalizing constants in (2) are defined by



by, =inf {z: —log F(x) > 1/n} (4)

and

For this paper, we also assume that c¢(z) = 1 in (3). This is equivalent to the twice differentiable
domain of attraction of Pickands (1986) for the Gumbel case which is equivalent to the von Mises
condition for the Gumbel case [ see Leadbetter et al. (1983), Theorem 1.6.1] which are the classic
sufficient conditions for the local domain problem. Most well-behaved distributions in the Gumbel
domain of attraction which have differentiable densities also satisfy the von Mises condition so in

this case the assumption c¢(x) = 1 is justifiable.

Finally, we also assume conditions on the function ¢ in (3). This function ¢ describes how smooth
the tail of the underlying distribution is. Conditions placed on this function and its derivatives play
a central role not only in the local domain problem; but also in establishing convergence rates for

the distribution and density limits and higher order terms.

Rates of convergence to the Gumbel distribution for sample maxima were established by Anderson
(1971) under general conditions but without uniformity results, and in specific cases by Hall and
Wellner (1979), Hall (1979,1980), and Cohen (1982b). Cohen (1982a) establishes a general result,
with uniformity, for two classes of distribution that he labelled N and E. Smith (1987) used a
variation on class N defined by (3) with specific restrictions on ¢. Under conditions similar to
Proposition 9.2 of Smith (1987) and one other technical condition, Proposition 1 shows that

2 2,—v

Pz (0) = N )L+ (5 —v = —

Although this higher order term does not contribute to the form the main result takes, this term does

contribute to the main result’s first corollary. In fact, we substitute A’(v){1+ (% —v— “2627v )} (bn)
for fr-(v) into the main result to help establish its first corollary. More specifically, our complete
result in Proposition 1 provides — uniformly over the entire range — not only an expansion with first
and second order terms for the density of the maximum but also an explicit form of this rate of

convergence.

1.4 Proposition 3: The expansion of the conditional density of the sum
given the maximum

The derivation we establish for the expansion of the conditional density for the sum given the
maximum is patterned after the unconditional Edgeworth expansion found in Feller (1971), Chapter
XVI, Section 2, Theorem 1 which gives the uniform expansion of the density of S¥. We make use

not only of this theorem but also its supporting lemmas, modifying them for the conditional case.



In the development of the higher order expansion for the joint density, it will also be necessary to
bound the density of the sum multiplied by a polynomial in order to establish the uniformity of the
results. Under the same conditions of Feller (1971), Chapter X VI, Section 2, Theorem 1, Petrov
(1975) gives the needed result.

Theorem 17 of Petrov (1975) for “k=3": Let {X,,} be a sequence of independent random variables

having a common distribution with zero mean, non-zero variance, and E|X|* < co. Let the random

variable \/%Sn have for some n > N a bounded density f,,(z). Then

(1 1) { ) = (o) = B a® 300 | = o1/ VD

uniformly in x.
In our derivation, we begin by conditioning S,, on M, = u, where u, = a,v + b, with a, and b,

defined in (5) and (4) and with v fixed. This conditional distribution may be written in the form

P[S, < z|M, =u,] =P
i=1

n—1
(D2 X7+ un) < |My = u]
where X's are iid conditional random variables with

P[X; <z]=P[X < z|X < up).

Henceforth we write X* for the random variable with the distribution F(x)/F(uy),Ve < u, and
denote its density as f,,, and its characteristic function as ¢,,,. Then we write S, = X} 4+ u, where
X5, ..., X, are iid with the same distribution as X*. The dependence on a given sequence {u,}
— actually, sequences {a,} and {b,} — is implicit in the notation. Thus the conditional distribution
of S, given M, = u, is the same as the unconditional distribution of S,,, and we shall use this

equivalence in the following discussion.

We may write

B(S) = (0~ D) + 1,
where p(u,) = E(X*) = E(X|X < u,) and
Var(S,) = (n —1)o?(uy)
where 02(u,) = Var(X*) = Var(X|X < u,). Let x3(u,) denote the third cumulant of X*.

Expansions for u(u,) and o%(u,,) are developed in Proposition 4.

Let S, = {S,, — E(S,)}/1/var(S,) denote the normalized version of S,,. Then

S = {(n = Dplun) + ) _

P[S,<z] = P <
(n—1)o?(un)




S Dpe) ) u]
(n—1)02(up)
_p St D)t ]
(n—1)02(up)
I (n—1)02(uy)

where the last step comes from substituting (1) into the formula. Thus (6) gives the form of the

transformation necessary when changing the variable S%|M* to S,. The Jacobian of this transfor-
Vno?
(n—1)02(un)’
fo fan ——Ln2 Vno?
Spd My /(n—1)o2(un)

Specifically, Proposition 3 derives a higher order expansion for the density of the sum normalized

mation is In establishing the main result we actually use fsx avx = fsxnx fry =

with respect to the conditional moments under a set of conditions similar to those in Feller (1971),
Chapter XVI, Section 2, Theorem 1. These conditions are modified to deal with the conditioning on
the maximum as defined in (6). In Proposition 3 we show that the conditional Edgeworth expansion
of fg is

3(tn) (2% — 32)N'(x) = o(—=) uniformly in 2 and v

" 60%(un)v/n NG

where the dependence on v is through the definition of u,,. These Edgeworth terms do not contribute

fs, () = N'()

to the form of the main result. They are important in the corollaries, particularly when z, < oo

where the leading order Edgeworth term and the leading order term in the main result are both

O(1/ym).

1.5 Proposition 4: The expansions of the conditional moments

The last proposition establishes the expansion terms for the difference between the unconditional

2 — 0% (up).

and conditional means, u — u(uy,), and the unconditional and conditional variances, o
Thus Proposition 4 provides a correction term for these moments when incorporating the information
on whether the values are at or below the value u,,. This correction term for the first moments is
particularly important because it directly contributes to the higher order term obtained in the main

result and hence to the term developed for statistical modelling.

The first step in deriving these correction terms involves a law of total probability which introduces
the conditional moments: those at or below u,, [i(u, )ando?(u,)] and those above u,,, an exceedance.
Here, we let Y to be an exceedance of u,, i.e. Y = (X —u,)|X > u,, with mean m(u,) and variance
5%(uy,). In doing so we make use of the relationship between the maxima and exceedances — in

particular, Pickands (1975) shows that the distribution of the maximum converges to an extreme



value distribution under the same conditions that the distribution of an (associated) exceedance
converges to a generalized Pareto distribution. In particular, each of the necessary expansions of the
terms in the low of total probability rely on the Balkema and de Haan representation (3) and Cohen’s
(1987b) class N conditions on ¢ — (17) and (18) — where Cohen’s conditions hold on the interval
|v] < e,. Thus using the conditions of Proposition 1 [a variant on Section 9.2 of Smith(1987)], we

obtain the necessary expansions for those components of p — u(u,) and o — o(u,) on that interval.

Then we introduce an additional technical condition when x, = oo so as to guarantee that 3= — 1
uniformly on |v| < e,. On this interval, we can replace b, for w, when z, = co. Finally, after

comparing the terms of the expansions we have obtained, Proposition 4 provides V|v| < e,

bpe™" —

2l T, = 00
— uluy) ~ no 7
H ,U( ) { (%,g)e 2, < 00 ( )

and
b2e™ v
2 2 e To = OO

o — o (uy) ~ n e 8
(1) { {(xo —p)? —0?}— =z, < 0. (®)

1.6 Heuristic development of main result

Here we outline a heuristic development of the main result — the higher order expansion of the joint
density of the sum and the maximum — when z, = oo, in order to give an appreciation for where

the individual components in the higher order term originate and how they interact.
We begin by writing

fS:L,M;: (w,v) = fS;;lM:L (w|U)fM,t (v).
By using the transformation defined in (6),

no?

e (w,0) = fo e 9
oo (000 = I, 0 G ) g2y P50 v
where
2 —(n—1 _
,_ Vno w+np—(n—1)u(uy,) Un_ (10)
(n—1)o?(un)
To establish the correct form of this expansion, we multiply and divide (9) by fs:-,
fs (2) no?

. M = fg« . “ . 11
fSn7M,,L (’U},U) fS,,L (w)fM7L (U) fS;‘L (’U}) (n N 1)0_2(un) ( )

Focusing on the ratio in the third term, we can express both the numerator and denominator using

their appropriate Edgeworth expansions:

K3

603\/n

Fs: (w) = N'(w) {1 T R 3w>} T o(1/v)



uniformly Vw by the standard Edgeworth expansion theory — see Feller (1971), Chapter X VI, Section
2, Theorem 1 — and
A K3(Un) 3
fs,(2) =N'(2) {1 + W(Z - 32)} +o(1/vn)

uniformly Vz by the conditional Edgeworth expansion derived in this paper in Proposition 3.

To simplify the ﬁffﬁ term in the ratio, we use a Taylor’s expansion of N’ (z) about N (w):

N'(2) = N'(w) + (z — w)N" (w).

Substituting in the identity N/ (w) = —wN’ (w),
N'(z)

Ni(w) ~1-(z—ww. (12)
Substituting (12) and the ratio of the remain Edgeworth expansion terms back into (11) yields:
s
1+ %(z3 —3z2) no?
fS;‘L,M;{ (’LU,U) ~ fsf, (w)fjuf{ (U){l - (Z - U})’LU} X { 1+ 60.};3\/5(“)3 _ 3w) (TL _ 1)0’2(Un) . (13)

Using the definition of z in (10),

e p(m) w0\
i (n— 1)o2(uy) + { (n—1)o2(up) 1}
plon) i . 14
N \/(n — 1Do?(uy) \/(n — Do?(uy) (14)

Note (8) implies

Then Proposition 4 leads to

w .~ bpe™? n b%e;” LV — K (apv +by)
no? no no? no?
bo(e™¥ —1
~ n(e ) (15)
no?

In the above approximation, we use the result ;= — 0 to go to the second step. This result — a
version of (126) of Lemma 16 — derives from the Balkema and de Haan representation (3).

. .. e (e U—1)
Thus the higher order term of the joint density is =

into (13)

w and we conclude by substituting (15)

e (w,0) & fs (w) fars (v) {1 — Mw}.

which confirms our main result when x, = co. Note that in (13) the ratio of Edgeworth expansion

sz

n?

no

and the Jacobian term have second and third moment terms thus neither contribute to the higher

order expansion of the joint density.



1.7 Outline of paper

To develop the main theorem this paper is divided into six more parts. Section 2 presents Proposition
1 and its proof for the expansion for the density of the maximum under the Gumbel domain of
attraction. Section 3 contains Proposition 3 and its proof which derives the expansion for the
conditional density of the sum given the maximum. Section 4 is Proposition 4 and its proof for
the expansions for the difference between the unconditional and conditional mean and variances.
Finally, Section 5 presents the main theorem for the expansion of the joint density, Theorem 5, and
give its proof along with two corollaries and their proofs. Section 6 presents a simulation project.

Concluding remarks are in Section 7.

2 Expansion of the Density of the Maximum

Proposition 1 derives a higher order expansion for the density of M, the maximum of an iid
sequence, when the underlying distribution of the observations, F', lies in the domain of attraction

of the Gumbel distribution, A. Appendix A contains the lemmas that support this proposition.

Proposition 1 Suppose F' € D(A) such that the representation in (3) holds with the definitions of
an, and b, from (5) and (4). Assume for a constant K > 2,

apv + by, — x, uniformly in |v| <e, = —Klog |¢'(b,)| as n — oo. (16)
" (anv+bp)/d" (by) — 1 uniformly in |v| < e, = —Klog |¢'(b,)| as n — oco. (17)
¢)(bn)¢u(bn) log |¢/(bn)|/¢/(bn) —0 asn—oo. (18)

Suppose also that for any v* < x,

o J'(0)F(v)
'ulilzf* f27(7]) > —00. (19)
Then for each § > 0 there exists an n* and a function e, tending to 0 as n — oo such that Vn > n*
and Yv
, v? vie v,
[tz (0) = N @1+ (5 = v = )6/ (b)
112 US —v / 2 "
H e = )9 (bu)? — $(ba)6" (b))
US —v 1 4r —2v —v / 2
H e = 2 2ot — 3 + )¢/ (b))

< en= [0 (bn)? + |0(bn)¢" (by) | min(1, |v| 7). (20)



REMARK Condition (16) is part of the definition of Cohen’s (1982a) class N, see equation (1.24)
of Cohen (1982a). Conditions (17) and (18) are equations (1.59) and (1.60) in Theorem 9 of Co-
hen(1982a) which list sufficient conditions for his class N. In that paper, he lists in Table 1 many
distributions which belong to class N, for example, the normal and lognormal. In other words, there

exists a deep pool of distributions satisfying the conditions in Proposition 1.

PROOF: Given F is continuous, there exists a b,, such that —log F(b,) = 1/n, so

—log F(anv+by)
_IOg F(bn)

Fpr-(v) = F™(a,v + b,) = exp {—

Using (3) with ¢(v) =1,

anv+b,
Fy-(v) = exp {—exp <—/b (;;)}

Y anv + b, < x, where a,, is defined in (5) and b,, is defined above.

Thus
dFy»

fug(w) = Tslt)

_ _ Y AR D) [T o(ba) ¢ (bn)

= ow {oow (= [ gainge) frew { - [ G a ) <
or, say,

farz (v) = f1(v) X fa(v) X fs(v) Vo <.

First, we restrict our attention to the interval |v| < e, = —Klog |¢'(b,)]-

by)

The expansion of fo Since fa(v) = exp { — fov mdt}, by a similar argument that led to equa-
tion (9.20) of Smith (1987),

v? , v? ’ " vt /
- e”{l + 59 (ba) = {26/ (bn)” = 6(ba)¢" (b} + ¢/ (50’

f2(v)

+o((1+ v4)R(bn))} (21)

where R(b,,) = {¢'(b,)}? + |6(b,)¢" (by)], uniformly on 0 < v < —K log |¢'(by,)]-

Note that the argument in Smith (1987) primarily relies on a Taylor expansion of ¢(a,t + by, ). Al-
though here the derivation is based on the Balkema and de Haan (1972) representation for — log F'(x)
as opposed to 1 — F'(x), the Taylor expansion argument is the same; that is, the exact form of ¢ may

be different but not the form of the Taylor expansion. Now all the steps of Smith’s (1987) derivation

10



of equation (9.20) apply also in the case K log |¢’(b,)] < v < 0 under the stronger assumptions (16)
- (17). So (21) holds uniformly for |v| < —K log |¢'(by)].

The expansion of f3 Since f3(v) = P ¢bs)__ i embedded into the expansion of fs, the expansion of

anv+by)

f3 falls from the condition (17) which implies
¢ (apv +b,) /¢ (b)) — 1 and (22)

P(anv +b,)/d(bn) — 1 as n — oo, (23)
each uniformly over |v| < e, = —Klog |¢'(b,)|.

In fact, using (16),(17), (22), and (23), and completing the Taylor’s expansion

- ¢(bn)
fg(’U) - (b(anv—i—bn)
v? v3
= 1—v¢'(bp) + ?{2¢/(bn)2 — ¢(byn)@" (bn)} — ?‘bl(bn)Q +o((1 + U4)R(bn))

uniformly over |v| < e, = —Klog |¢'(by)].

The_expansion of f1 For fi(v) = exp {—exp ( — [, %dt)}7 we first use (17), (22), and (23)

in the argument which led to the Smith (1987) equation above equation (9.19),

Y é(by) _ v? ’ v3 / 2 " 3
/0 mdt =v— ?¢ (bn) + €{2¢ (bn)" = &(bn)d" (bn)} + o((1 + [v[*) R(Dn)))
uniformly over |v| < e, = —Klog |¢'(by)].
Now write,

Y o(bn) _
/0 ¢(ant+bn)dt*”+T"

where

U2 U3
T =Ta(v) = =5 ¢'(b) + g{%'(bn)Q = ¢(bn)¢" (bn)} + o((1 + [v]*) R(bn)).

Then f1(v) = exp({— exp{—(v+Tn)}}.

Expanding f; about v,

—e " —v,—e " T’r% —e Y —2v —v
filv) = e + T,e e +5e (e7*" —e™")
T, —e ™ -3 -2
+?(1+0(1))e ¢ (eTM=3e7" +e7Y)
2 3,—v
- e—e”{l—e—vgqb’(bm“g 26/ (50)? = 6(ba)¢” (br)
v4<e—2v _ e—v)

) +o(1 4+ e 2)(1 1 v4>R<bn>>}

Vo] < —K log | (b))

11



Together fu=(v) = f1 X fo X f3 Thus multiplying across and collecting terms gives V|v| < e,

v V2 v2e™? v?2 03
Sug(v) =e Ve {1 + (7 i )’ (bn) + {5 + g[e_v — 11129 (bn)* — ¢(bn) 8" (bn)}
e 2 e e 0 ol e RO (2

Reconfiguring equation (24) into the form of equation (20) involves Lemma 9 with m = 3. Specifi-
cally, the constants that arise from equation (107) of Lemma 9 in the Appendix are absorbed into

the €} function of equation (20). Thus the expansion in equation (20) holds V]v| < —K log |¢(by,)|-

To extend this expansion to the intervals |v| > —K log |¢(by)], the idea is to show that all the terms
in (20) are o(|v|=%¢'(b,)?) for |v| > e, where e, = —K log |#(b,)|.

Note it is sufficient to show the two terms fas-(v) and A’(v) are o(|v|=%¢'(b,)?), [v] > e, since the

higher order terms associated with A’(v) in (20) are of smaller order.

First look at A’. On the interval |v| > e,, A’(v) is maximized for sufficiently large n at —e,, and e,

and hence the focus is on these two endpoints.

First, for v = ey, since K > 2 it is possible to fix K’ such that 1 < K’ < K/2. Thus (for v > 0)
IN ()| < e =e we %),
But since exponential rates dominate polynomial,
e v(-%) < k1|v|° for some constant ;. (25)

Now substitute in v = e, = —K log |¢'(b,)],

N‘x

e R < enr 10819 0n)l — |/ (b,)| %7 < | (by)]? since £ > 2. (26)
Combining equations (25) and (26), |A’(v)| = o(|v| =%’ (b,)) for v = e,,.

Second, for v = —e,,, again define K’ as before

1N ()] < 22 = ko(e™) "% (")~ for some constant ks

e—’U

Note in this case v < 0. Using the same argument in (25) and (26),

N ()| = o(|v]~°¢' (b)) for v = —e,, and hence for the entire interval [v] > e,,. (27)

Now (24) and (27) imply that faz=(v) = o(|v|9¢(b,)) for v = +e,,. Thus to prove (20) for |[v| > e,
it suffices to show that

12



(a.) fu, (z) is increasing for z < —ape, + by,

(b.) fu, (z) is decreasing for x > ane, + by,.

Taking the derivative of
fur, (@) = nf(x) P~ (z).

gives
d _
2 M () = nE™ 2(@){f' (@) F(x) + (n — 1) f*(2)}. (28)
Solving the algebra,
>0 if f' (@) F(x) > —(n—1)
(28) 7o Pl (29)
§0 if 2(x) < _(n_l)‘

Since (29) = (20), we look at (29) .

F(fﬂ)—exp{—exp{—/w di)}},
e e I L O i e
R e I A M W

Using (3) with ¢(z) =1

Thus
—f'(@)F(z) / 1
() _1+{1+¢(x)}_10gF(x).
Using (3), ¢'(z) — 0 as x — z,, S0
—f'(x)F(x) 1
P@) " —lgF@ T
Hence, there exists some x* such that, Vo > z*,
1 1 —f'(z)F(x) 2
2 —log F(x) < f2(z) < —log F(z)" (30)

Now, by condition (16), ane, + b, > x* for all sufficiently large n, say n > n;.

By condition (19), there exists a ng such that, whenever n > ns
inf ————= > —(n—1). (31)

Let n* = max(ny,ng). For n > n* z* <z < —ape, + by,

@) 2
fQ(x) - IOg F(_anen + bn)

~2ne” " <n—1. (32)

13



Note to simplify the denominator of (32)

—log F(— 1
_ logF(_anen + bn) — 10g F(bn) { 0g ( An€p + bn) } ~ - en

—log F(b,) n’

seen by substituting —e,, in for v in (103) and use the definition of b, — namely, —log F(b,) = 1.

To continue, putting (31) and (32) together, % —(n — 1) for the range x < —ane, + by,.
For x > aye, + by,
—f(@)F(z) 1 1

s ~ 2ne > — 1.
12(x) - 2 —log F(anen + by) ner=mn

Thus for sufficiently large n,

—fl(@)F(z) [ <n—-1 ifzx<—aye, +by,
f2(x) >n—1 ifxz>ane, + by,

This is equivalent to (29). Thus the result (20) holds. O

Corollary 2 Given the notation and conditions in Proposition 1, then for each 6 > 0 there exists an
n* and a function e, tending to 0 as n* — oo such that Yn > n* and V|v| < e, = —K log |¢'(by,)|,

and constant j > 0 finite,

e—jvfM;( _e—]UA/ { U ;_U)(ﬁl(bn)
O e )20 (50)? - 650" (b))
5 ]- —2v —v /
02+ 0¥ — 1]+ golfe - 3¢ + 1) ()2
< e 6 (b0)? + |6(b)" (ba) | min(1, [u] ). (33)

PRroOF: This follows immediately from the proof of Proposition 1. For the interval |v| < e,, the
proof is the same as in Proposition 1 except that f»(v) is replaced by e~7? fo(v) to absorb the extra

e~7v. The changes are in (21) where
—jv —(G+1)v v? / v’ / 2 " vt / 2
e’ fQ(U) = eV 1+ ?d) (bn) - 6{2¢ (bn) - d)(bn)¢ (bn)} + §¢ (bn)

Fo((1 41 +v4>R<bn>>}.

The only effect this would have on the rate of convergence would be in (107) of Lemma 9 where m

would now be (j + 3) but again this would be absorbed into the €, function.

REMARK This gives us that e*j”fM; (v) is uniformly bounded on |v| < e, for any j > 0 finite. O
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3 Expansion for the conditional density of the sum given the
maximum

Proposition 3 derives a higher order expansion for the conditional density of the sum given the
maximum, specifically an expansion for the density of fg , the sum normalized with respect to the
conditional moments. Appendix B contains for lemmas and their corollaries used in deriving this

proposition.

Proposition 3 Assume f' is integrable, us exists, " exists and is continuous in a neighborhood

of 0, and |y, (t)|" is integrable for some n > n* > 1. Then f§n exists for n > n* and as n — oo

’Cg(un)
603 (un)v/n

where the dependence on v is through the definition of u,,.

fg (x) = N'(z) - (23 = 32)N'(z) = ) uniformly in x and v (34)

T
Proor: By Corollary 13 in Appendix B, the left hand side of (34) exists for n > n* and has Fourier

- 7/ ’ ( Ztu(lé-n()u\:;ﬁ)soun<m>nl
t Ks(un) s 2

—eXP(—g) T 603 (un)n =1 m(”) eXP(—g)

norm

dt.

Define Ny, as N,, where the integral is restricted to the interval [¢t| < do(un)yv/n — 1 and Ng as N,
where the integral is restricted to the intervals [¢t| > do(u,)vn — 1.

Now, choose § > 0 arbitrary but fixed. Substituting ¢ by m in equation (110) of Lemma 14,
there exists a number ¢s < 1 and a n™* such that
t
w, (———)| < V|t| > do(un)vn —1 and Vn > n**
oGy < a5 V] > do(ua)V >

Thus Vn > n’ = max(n*,n**), Ng is less than

oo n/ 2
q(?l"/ dt+/ 62X{1+
—o0 [t]|>60(un)vn—1

Since |, (t)| is integrable for all n > n’ = maxz(n*, n**) and g5 does not depend on n, the first term

t

( IC3 (un)tg
P vn —lo(uy)

) 603 (uy)vn —1

} dt. (35)

of (35) tends to zero more rapidly than any power of 1/n. The same holds for the second term and
can be seen by substituting into the inequality inf,, o(u,) for o(u,). Note since u, is a threshold,

o(un) > 0. Thus Ng = o(1/y/n) uniformly in n.

Substituting 1, from Lemma 15 into Ny,

1

= / t ’C?)(un)
27 )t <60 (un)v/r=T

V=1 — = )3
Vi—Tow) ! (i8)" | dt

N =
r 603 (up)vn —1

e‘é exp[(n — 1), (

15



where 1, (t) = log @y, (t) — itp(uy,) + gaz(un).

The integral will be evaluated using the following inequality from equation (2.9) of Feller (1971), p.

534,
1
e = 1= ] < (Ja = Bl + 56%)e” where v = max(al, |8]).
Here
&= (1= 1, (——)
B A —1o(up)
and
’Cg(un) . \3 ’CS(U”VI) +1\3
b= et =t ) = Ve =
Thus
1 e 2
N, < — e le"(|a — 8] + = )| dt.
27 J 141 <60 (un)vn—T 2
Substituting m for ¢ in equation (116) of Lemma 15,
t 1 it
- = -1 U\~ —= , ) -K n)\— N, —m 3
t
< n—1))—m
eftf®
v —1o(u,)
For the %62 term, algebraic simplification yields
2 72(n—1) o%(uy,)

(36)

(37)

(38)

Note 1y, (t) — ©¥(t) as n — oo uniformly in ¢ by a series of dominated convergence theorem

arguments. The moments k3(uy,), o(uy), and p(u,) are all uniformly bounded in n. Thus as ¢t — 0,

both || and |G| tend to 0 uniformly in n. In fact, it is possible to bound |«| and |3|. In particular,

letting K7 be a constant, we have

R L
T Vn—103(u,) T Vn—103(uy) "

- K10t|?
= o2 (un)

‘t|2 . Ki6 1 *
< v if we choose ¢ so that U(uln) <z Yn>n*

16
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Similarly using the triangular inequality argument of Lemma 15 and defining K as another constant,

t Kt?
3 < 2 do(up)vn —1

ol < Kl =D e < e Tesa)

Kodt]?
<
T 0% (ua)
t? Kyo _ 1
< 0 if we choose ¢ so that ;725 < 7 Vn >n". (40)
Using (39) and (40),
t2
—. 41
<y (41)

Using (37), (38), and (41), the integrand in (36) is less than
3 6 2
P, © K
vn—1o(u,) 72(n—1) 0%(uy)
Since € is arbitrary and independent of x, o%(u,) — o2 and K3(u,) — K3 where 02 and K3 are

assumed finite, and [~ t8¢="dt < 0o, N, = o(1/1/n) uniformly in n. Thus (34) holds. O

]

4 Expansion of the Conditional Moments

Proposition 4 derives the expansions for the difference between the means and variances of X and X*
where the latter (conditional) random variable was defined in Section 1.4. The lemmas supporting

this proposition are found in the Appendix C.

Proposition 4 Under conditions of Proposition 1:

v

Une Ty, = 00
n—= ILL(un) ~ { (zon—,u,)eiv To < 00 (42)
and
u2 e~ v
2 2 —— To = OO
0 — % (Up) ~ n o 43
(1) { {(mo —p)? —0?}— =z, < 0 (43)
uniformly on |v| < e, = —Klog|¢'(b,)].
If ¢z, = 00 and
(1)1 '(t
¢()Otg|¢()|_)0’ aSt—>OO, (44)
then
b,e "
p— () ~ n (45)
b2 —v
o? — 0% (uy) ~ "Z (46)

uniformly in |v| < e, = —Klog|®' (by)|.
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PROOF Recall
EX|X <up) = plun), B(X|X > up) = up + m(uy),

Var(X|X < u,) = 0*(un), Var(X|X > up,) = s (uy).

For the proof of (42), rearranging a law of total probability yields

u—uwaz{lgig”}mn+mw0—uy (47)

To determine (42), we expand and compare the terms in the RHS of (47), in particular, the terms
F(un), m(uy), and 1 — F(uy,). First, F(u,) — 1 as n — oo and hence has no influence on the

results.

Second, under conditions similar to Proposition 1, Section 9.2 of Smith(1987) establishes the expan-

sion for the mean of the exceedance:

E[X = un|X > up] = m(un) = ¢(un) + ¢(un)d' (un) + o(|¢(un)d' (un)) Vvl <en.  (48)
where e, = —K log |¢'(b,)].
To see that this term does not contribute to (42), we look at two cases:

When z, < oco: Using (127) of Lemma 16 shows that ¢(u,) — 0 as n — oo and thus does not

contribute.

When x, = co: From(126) of Lemma 16, we have that 2lun) 0 as n — 0o. Thus in (47) the term

u

uy, contributes while m(u,) ~ ¢(u,) does not.
Finally, rewriting F'(u, ) and taking a Taylor expansion of e” yields
1—F(u,) = 1—e¢losfun)
= 1—{l+logF(un)+ (1/2 4 o(1))log® F(u,)}

— —log F(un){1+ (1/2+ (1)) log F(u,)}. (49)

From (103) of Lemma 8 and using the definition of b,, in (4)

—v

—log F(uy,) = en [1+ 0w ¢ (by)])], uniformly on |v| < e,. (50)
Putting (49) and (50) together
1—F(up) = ¢ (14 0(1)), uniformly on |v| < e,,. (51)
n

This term does contribute to the higher order term in (42) which is obtained by multiplying (51) to
the term w, in (47).
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A similar derivation exists for (43): the difference between the unconditional and conditional vari-

ance. Rearranging the law of total probability in this case gives

270'2'1,6 = 0'2 2U7 M2+O—2 ! — u miu 2 $2U
7o) = o ) — (T s~ H e m() + £ ()
— w2 e m)? 4 2w - =) (6)

Again concluding (43) involves comparing the expansions for the terms of the RHS of (52). For the
first two terms, the expansion needed is obtained by squaring (42) and retaining the leading terms:

e~ v

2uu To = 00
2 2 Hun = o
— Uy ) ~ v 53
we = () { 2(xo — S~ xo <00, Vju|<ep. (53)

The only remaining term in (52) to expand is s%(u,). Under conditions similar to Proposition 1,

Section 9.2 of Smith (1987) establishes
E{Y?|X > un} = 20%(un) + 69%(un ) (un) + 0(¢* (un)(¢ (un))?), forall[v] < en.
from which we obtained with (48), forall|v| < ey,

5% (un) = B{Y?|X > un} = BH{Y|X > un} = ¢°(un) + 4¢° (un) ' (un) + 0(¢* (un) ' (un)).  (54)

Using the relationship in (126) and (127) of Lemma 16 and substituting the expansions (48), (54),
(53), and (51) into (52), the higher order terms fall from the 1 — F(u,) and the {u, + m(u,)}?
terms. Specifically the comparison of the terms yields (43).

REMARK (1.) We note the following differences between the conditions in Proposition 1 and Propo-
sition 9.2 of Smith (1987). First, Smith (1987) assumes the Balkema and de Haan (1972) represen-
tation for 1 — F'(x) as opposed to —log F'(x) which used in Proposition 1. In this application, the
difference between —log F' and 1 — F' is 0(%) which is of smaller order than the leading terms in
these expansions. Thus this difference does not impact the results. Second, Smith(1987) assumes
c(u) — 1 ~ s{(¢'(u)? + |p(u)¢” (u)|} — 0 as u — z, for finite s. Here the assumption is c(z) = 1.
Again the remainder term for ¢ in Smith(1987) is of smaller order than the leading terms obtained

here and therefore assuming c¢(z) = 1 does not impact the validity of the above formula for this

application.

REMARK (2.) Now to establish the case when z, = oo, the added assumption (44) is necessary

to guarantee that we can replace u, by b, [ie. 3 — 1] uniformly on [v] < e,. This condition
results from the following assumptions in Lemma 1 of Cohen(1982a): [A] Either (1) ¢'(u) > 0 for
all sufficiently large u or (2) ¢'(u) < 0 for all sufficiently large v and [B] ¢’(u) is regularly varying

for u — oo.
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Given [A] and [B], then (44) falls from formula (a) at the bottom of page 846 of Cohen(1982a).
Specifically assumption (44) allows the following on the interval |v| < e, = —Klog|¢(b,)| (recall

é(bp) = an)

b, bn - by,
¢(bn) log [¢' (b))
bn

— 1 as n — oo, uniformly in |v| < e,.

= 1+-K

Thus u, = b,(1 + o(1)), |v| < e, and allows u,, to be replaced by b, in (42) and (43) without
changing the results leading to (45) and (46).

REMARK (3.) Finally, in establishing (45) and (46) it is necessary that Y2 0. To see this, rewrite

n
2

b
n

= B {—Tog F(b,)} = KA1~ F(b) + o)}

Now
oo

B PO < [ B @ = [ 10,08 dF @)

xr
br, -
Since variance is assumed to be finite, then by dominated convergence theorem

b2 {1 — F(by)} — 0 as n — oo.

Thus
2

- —0asn— o0, Y <e,. (55)
n

5 Expansion of the Joint Density

This section presents the main result and its corollaries with their respective proofs. Specifically,
Theorem 5 provides the main result: an expansion for the joint density of the sum and the maximum.
Corollary 6 is model oriented in that it substitutes the limiting densities for fysx and fs: into

Theorem 5. Finally, corollary 7 is the penultimate version of Theorem 5.

Theorem 5 Let X1,...,X, be an iid sequence of random wvariables with distribution function F,
density function f, characteristic function ¢, mean p, and variance o2. Let u, be a threshold level

and ¢y, be the characteristic function of the random variable X|X < wy,.

We make the following two sets of assumptions:
Set A: Assume [’ is integrable, us exists, @' exists and is continuous in a neighborhood of 0, and

|ou,, (0)|" is integrable for n > some n* > 1.
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Set B: Assume F is in the domain of attraction of A so that the representation in (8) holds. Use

the same form of a,, and b, as defined in (5) and (4). Also assume that for a constant K > 2,
anv + by, — o uniformly in |v| < —Klog |¢'(by,)| as n — oo

¢ (anv +by) /9" (bp) — 1 uniformly in |v| < e, = —Klog |¢'(b,)| as n — oo

d(bn)d" (bn) log |¢' (bp)]/¢' (b)) — 0  asn — oo.

In addition, we assume that for any v* < z,

and when x, = o0,

— 0, ast— oo,
t
Define
2 PR To = OQ,
Ty = ¥
—5 T, <00
Then

|fsx aax (0, v) = fsx (W) farz (V{1 = rn(e™ = Dw}| = o(ry,)

uniformly Yw and ¥Y|v| < —K log |¢'(b,)].

Corollary 6 Given the conditions in Theorem 5, if x, = oo

sz (w,0) — N7 (w) A (v){1 + (% . ;fﬂ )¢/ (b) H1 — 16~ — D}
= o{max(ry, |¢/(bn)|)}
and if T, < 00
Fsgary (0,0) = N ()N (0) {1+ 50 — 3u)
SR

uniformly Vw and |v] < —Klog|¢'(bn)].
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Corollary 7 Given the conditions in Theorem 5 and defining

H(z;n, k) =exp | —{1 — w i/k 7
let kn = —¢'(by) and replace
2 9 —w
N1+ (G v = 5)¢ ()} )

in (63) and (64) by
H'(v;0,1,k,) where H’(x;m%k):%H(af;n,w,k%

then we obtain the same result as Theorem 5.

PROOF OF THEOREM 5

The joint density of S} and M, can be written as

fsxmx(w,v) = farx(v) fsxar: (w]v)

no?

faaz (v) mfs; (2)

where
o ny + Vnow — (n — Dp(un) — Un. (66)
(n—1)02(up)

Here u,, = a,v + b,. To enable the uniformity results v, w and hence z are allowed to be dependent
on n. In general, this dependence on n is suppressed so as to make the notation easier to read. Note

the transformation from S to S, and the form of (66) comes from (6).

To establishing (62) the first step is to break its LHS up as follows

Sz (v) m_?;j%u)f& (2)=fsz (w) farz (W) {1=rn(e”" =1 w} = Ey+Ex+E3+Ey+Es+Eg (67)
where
B = fM,;(U)f§n(Z)[ (71—1)02(1%)_1] (68)
) " , i (m)
Br = S0 |fs,() - N1+ gad o = 52} (69)
By = fuy(0) V') = N @)L = rale™ = D} (70)
Bi = S (0) W) (14 im0 -3}~ ()| (L= D) (1)
B [N (2)k3(un) N (w)k
By = i (0)| ool - 5y - 2008 (0 ) (72)
Es = fM;w)N'(w)w;ﬁ(wS—Swm(e*”—l)wJ. (73)

22



To prove (62), it suffices to prove that for j = 1,2, ...,6 that E; = o(r,,) uniformly V v < e,, and V.

Proof for E;. The form of the higher order term in E; — (68) — falls from its third term.

Using (43),
o2 (up) _ ) 1= ijv + o(—bizﬂ) T = 00
o? 1—{(960—“)2—02}% +0[{(mo—u)2—02}e:] T, < 00.
Inverting the above formula yields
2 b2e v b2e v _
o _ 1+ o + of - )w B T, = 00 (74)
% (un) L+ {(zo — p)* = 02}67 +ol{(zo — p)? - 02}67] Zo < 00.
This inversion holds as long as bif:U — 0 uniformly on |v| < e, which is true by (55).
Given /27 =1+ 0(2) and %~ > 1 and bounded,
no? o2 1
—— 1| < {1 O(—). 75
(0= 1o () ‘ oy 1 o) "
Substituting (74) into (75), for some x
2 bpe L 1 —
Lz—lﬁ K( n +5) To=o00 (76)
(n—1)o?(un) K(e—+1)  z,<00

Using the 7, notation defined in (61) in (76),

By =0(e™" fur; (v) fg, (2)r7).
Proposition 3 gives fg (2) is bounded Vz. Corollary 2 gives e™" fysx (v) on |v| < ey,. Therefore

Ey =o(ry,) for |v] <e, and Yw. (77)

Proof for E,. In (69), {fgn(z) - N'(){1+ %(23 —32)}| = o(—=) uniformly in z by

Proposition 3 and fy-(v) is bounded Vv by Proposition 1. Hence

E, = 0(%) = o(r,), Yw,Yo. (78)

Proof for E3. Although more involved, the key to resolving E3 in (70) is first to take a Taylor’s
expansion of N’(z) about N’(w). Once we substituting the result of the Taylor’s expansion back
into F3, the argument then focuses on the difference between z and w. At that point — Step 4 — we
consider two cases where the dependence on n for z, w, and v need to be explicitly expressed: Case

(a) where |z, — wy| is bounded above and Case (b) where |z, — wy,| is bounded away from 0.

Step 1: Rearranging (66) provides an explicit form of the difference between z and w:

pmwe ez nlun) ) me? g i) Zun
(n—l)az(un)+{ (n—1)o?(un) 1} i (n—1)o%(un)
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For z, = 0o, use (45), (46), and (76) and simplify to

Z_w:b”;;:{1+o(1)}+0(we_”( 1"02)2)—%{1%(1)}-

For x, < 0o, use (42), (43), and (76) and simplify to

Z—w= M{l +o(1)} +O(w(l+e )

no? no

Using the definition of 7,, from (61), combine (79) and (80)

z—w=rn(e”" = 1)+ ofrn(e”" + 1)} + O(w(e™" + 1)r2).

Step 2: Take a Taylor expansion for A’ (z) about A (w).
Using z = w + t,, where ¢, is seen in (81), write
N'(2) =N (w+t,) = N (w) + t,N'(2*) where z* between w and z.
Using the identity N (z) = —aN’(x),
N'(2) = N'(w) — t,2*N'(z*) = N (w) — (z — w)N'(z*)
for z* between w and z.

Substituting this into E3 and adding and subtracting a fasx(v)(z — w)w term

By = fu;(0)(z —w) [wN'(w) = 2" N'(2")] + fary (VN (w)rp(e™ = Dw

= fu (0) (2 — w)wN' (w)

= fu; (0)(z —w) [wN'(w) = 2" N'(2")] + o(rn(e™" + D)wN" (w) far; (v))
+O(w(e™ + )rpwN' (w) farz (v))

= E;+ Es+ Ey.

(81)

Step 3: Standard properties of the normal density shows w?N’(w) is bounded. By Corollary 2,

(14 e7) farx (v) is bounded. Thus
Eg = o(ry,) uniformly Yw and |v| < e,

and

E9 = O(r2) uniformly Vw and |v] < e,,.

(82)

(83)

Step 4: Now we focus on E7. The important details in this formula concern z — w since the other

terms are bounded. Recall v,w, z, and z* actually depend on n. So fix the notation by writing

— — _ * __ % . . s
UV = Up, 2 = 2Zn, W = Wy, and z* = 2 so the dependence on n is explicit.
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Substituting (81) into B and adding and subtracting a z;?A”(2}) term yields
E; = fMT*L (V)T (e — 1)[wan(wn) - Z:LN/(Z:L)]
+o{far; (Un)ra (e + D[wn N (wn) — 23N (27)]}
+O(fagy (vn)rae ™" [wi N (wn) — 232N (27)])
+O(fary (va)e™ 1y (wi — 2,) 27 N (27,))

= FEio+ Ei1 + B2+ Eqs.

At this point, it is necessary to separate the argument into the two cases.

Case (a). By uniform continuity of w*N”(w,,) for k = 0,1,2 given € > 0 there exists a § > 0 such
that

|20 — Wn| <8 = |28 —wn| <0 = 2N (2,) — wEN ()] < %
for k =0,1,2 and any given constant C' > 0.
Now since (e™" + 1) far= (v,) is bounded on |v,| < ey, each Eig, E11, and E3 is bounded by some

constant x |22F N (22) — wEN (wy,)|

for k =0,1,2.
In other words, it is possible to choose a ¢ so that Vw,, and V|v,| < e,

‘Zn — wn| <0= E10 = E11 = E12 = O(T‘n). (84)

As for Ey3, farx(vn)e™ is bounded on |v| < ey, 2;N'(2;) is bounded by standard normal density

properties, and here (z} — w,,) <4, thus
Ei3 = O(ri) =o(ry), Vv < e,. (85)
Together (82), (83),(84) and (85) show that
E5 = o(ry,) uniformly |v,| < e, and Yw, (86)

when |z, —wy| < J. This establishes Case (a).

Case (b). The premise behind Case (b) is that if |z, — w,| > 7 — for any 7 > 0 — then the entire
left-hand side of (67) is o(ry,). Once that is established the necessary result falls immediately since

if the above result hold for any 7 than it holds for the ¢ in Case (a).

Part 1 Suppose |z, — wy| > 7 and re”n < 72

25



If rp,e™¥» < 7, then a consequence of (81) is that |w,r,| > some 71 > 0 for all sufficiently large n.

In other words, |w,| > 7-. Also from (81),

Zn = Wy (e — 1) +o(rp(e”" + 1)) + O(wn (e + 1)r2)
= wy+0(1) +o(1) + O(wypo(1))

= w1+ o()

; Say,
for all sufficiently large n.
This relationship 2, > 7~ [ with (76)] implies
L. |fg (2n)| = o(ry) by Proposition 3 and
2. Jwy|*| fss (wn)| = o(ry) for k=0,1 by Theorem 17 of Petrov(1975).

3. Note again by Proposition 1 and Corollary 2, [(e™"" + 1) farx (v,)| is bounded on |v,| < e,.

Hence the left-hand side of (67) is o(ry,), V|v,| < e, and Yw,, when |z, —w,| > 7 and r,e~ " < 72.

Part 2 Suppose |z, — w,| > 7 and r,e"¥ > 72. Corollary 2 says that for any finite m’ > 2,

e~ vne=un farz (vy) is uniformly bounded on |v,| < e,,. This gives e™" fur: (v,) = O(elm =1vn) but

if r,e7 %" > 72 > 0 then r,e =" 4 0 s0 |v,| < logr, for sufficiently large n. Thus

e " furx (v) = O™ =1ny < O™ =1)) = o(r,,) since m’ can be taken > 2. (87)

Now looking at the parts of (67), first fg (25) is bounded — see Proposition 3 — and second wy, fs: (wy,)
is bounded — again, see Theorem 17 of Petrov (1975). Finally from (87) e farx (vn) = o(r,,) which

also gives farx(vn) = o(ry). This establishes Case (b).
Taking Part 1 and Part 2 together, the left-hand side of (67) is o(ry,) when |z, —wy| > 7, including
T=29.
Thus for E3 either

Es = o(ry,) (88)
or the entire left-hand side of (67) is o(ry,), uniformly on |v| < e, and Yw.

Proof of E4: In (71), again fys-(v) is bounded and also by the unconditional Edgeworth expansion

theorem — Feller (1971), Chapter XVI, Section 2, Theorem 1 — the term inside [N’ (w){1+ s T (w3—

3w)} — fsx(w)] is o(ﬁ) uniformly in w.
Steps (a) — (c¢) show how to deal with multiplying by the term 7, (e_, — 1)wy:

(a) Corollary 2 gives that sup,(e™" — 1) fas= (v) is bounded on |v| < ey,.
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(b) Theorem 17 of Petrov (1975) central limit theorem [which hold under the same assumptions as

Proposition 3] gives sup,, |w{N'(w) — fs:(w)}| — 0 as n — oo.

K3 3

(c) Standard properties of the normal density imply w*A’(w) is bounded so N’(w) 603\/77(111 -

3w)w — 0 uniformly in w.

Thus
|E4| = o(ry,) for |v| < e, and Yw. (89)

Proof of E5: In (72), again, fas+(v) is uniformly bounded on |v,| < e,,. Also the function N (z){z%—

3z} is uniformly continuous so by similar argument to proof of E3, particularly Step 3,

Es = o(ryn) V|vn| < ep, Vw. (90)

Proof of Fg: Now, (73) falls immediately since,
(a) sup, (e — 1) farz (v) is bounded on |v| < e,, by Corollary 2.

b) w*N’(w) is bounded uniformly in w so N’ (w)£% (w? — 3w)w is bounded uniformly in w by
60

properties of the normal density.

Thus

Tn
Vn
In conclusion, (77),(78), (88), (89), (90), and (91) shows that E; = o(ry,), for j = 1,2,3,4,5,6
uniformly Vw and |v| < e, = —K log|¢'(by)]. O

Es = O(—=) = o(ry,) for |v| < e, and Yw. (91)

Proof of Corollary 6
First we prove (64) under the assumption x, < co.

Substituting the result of Theorem 5, equation (62), into (64) the form of the result to be proven is

7 K3 ,
Hfs;(w)fM; (v) = N'(w){l + o= \/ﬁ(w?’ — 3w)}A (v)
) {1+ (5 = v = o)0 )} [{1 = me™ = 1w}

= o(max{ry, ¢ (bn)[}) (92)
for Vw and V|v| < e, = —K log |¢' (by)].
First we show (92) without the r, (e — 1)w term.

Let
A, = fS;‘L (U)),

5 (wf - 3w)},

6a3/n

Al =N'(w){1+
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B’I’L = fM;(U)y

and

2 UQe—v

B, = N){1+ (5 —v - —5—)¢'(ba)}.

Then the left-hand side of (92) without the r, (e~ — 1)w term can be written as

IN

|An| |Bn - B;zl + |B;z‘ ‘An - A’/ﬂ|

(93)

Now |A,| is bounded Vw by Theorem 17 of Petrov (1975) and |B, — Bj| = o(|¢'(b,)|) Vv by
Proposition 1. Thus the first term on the right-hand side of the inequality in (93) is o(|¢' (by,)]), Vv

and Yw. For the second term in the inequality in (93), |B},| is bounded Vv by Proposition 1 and
|Ay, — Al| = o(ry) by Feller (1971), Chapter XVI, Section 2, Theorem 1 uniformly in w. Thus this

second term is o(ry,), Vv and VYw. Thus the right-hand side of (93) is o(max{ry, |¢'(b,)|}), Yv and

Yw.

The result also holds when the 7,(e”” — 1)w term — now on the interval |v| < e, Vw — is included

since

(a) |wA,| is bounded Yw by Theorem 17 of Petrov(1975).

(b) le=¥ 4+ 1| |B, — Bj,| = o(]¢'(by)|) by Corollary 2, note now on |v| < —K log |¢'(by,)].

(c) le7? +1]| |B]| is bounded by Corollary 2, note now on |v| < —K log|¢’(by)]-
(d) |w| |An — AL| = o(ry) again Yw by Theorem 17 of Petrov(1975).

Hence, the result (64) for |v| < —K log|¢’(by,)| and Vaw.

For the case when x, = oo, the term —%3— (w3 — 3w) need not be included with the higher order

603y/n

terms. The reason is that this term is o(r,,) by the definition of r,, when z, = oo, see (61). Therefore,

(63) holds.

Proof of Corollary 7: By definition H(v;0,1,k) = exp[—(1 — kv)'/*] so that
H'(v;0,1,k) = —(1 — kv) /%= exp[—(1 — kv)1/¥].

Looking at —log H',

1

—log H'(v) = (1 - k) log(1 — kv) + (1 — kv)V/*k.
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Expanding (1 — kv)Y/* by e=¥(1 — %) + O(k?) and (1 — 1)log(1 — kv) by v — kv + % + O(k?),
the equation (94) is equal to

2 —v,,2

v—i—e‘”—i—k(%—v—e )+ O(). (95)
Looking at the log of equation (65),
, v? v¥e v, v v? e vv? 9
—log [N )1+ (5 — v = Te ) | = vk e (5= o= S0 ) + O(6(00)). (96)
With the definition k, = —¢'(b,), (95) and (96) match up to O(¢’(b,)?). O

6 Simulation project

The main results of this paper have been concerned with limiting forms of the joint density of the
sample sum and maximum, but there are many other quantities of interest in connection with this
problem. In particular, we might be interested in the conditional mean, E{M,|S,}. In this section,
we give both theoretical and simulation results for this.

The theoretical results are to some extent heuristic, since we do not have a rigorous proof that our
asymptotics for joint densities extend to the calculation of conditional means. Nevertheless, it is
natural to conjecture the result by simply integrating out the approximate conditional density of
sample maximum given the sample sum that follows from our main results. Here we perform this
calculation, and illustrate the result by simulation.

For the marginal distribution of sample maxima, it is natural to assume the penultimate approxima-
tion (Cohen 1982b, Gomes 1984), since many theoretical and practical results have shown that it is
a better approximation in practice than the Gumbel approximation. Under the first-order approxi-
mation that the sample mean and the sample sum are independent, F{M,|S,} is of course the same
as the unconditional mean E{M,}, and may be approximated by the mean of the approximating
penultimate distribution. Here we improve this by calculating the O(r,,) correction.

Proposition 7 implies the approximation
fsz oz (w,0) = N (w) (1 = kpv) 5~V exp{—(1 — k)" }[1 = 7 (7" — 1)w + o{max(ry, |¢' (bn)]) }]
where k, = —¢/(by). Since fs: (w) ~ N’(w) with error O(n~'/2), this leads to

Fuag sy (lw) = (1= kp0) /" exp{=(1 = knv)/*}[1 =1y (€7 = Dw + ofmax(ry, ¢/ (b))} (97)
Formally integrating (97),

E{M}|S; =w} = /v(l—kjnv)l/k"fl exp{—(l—k;nv)l/k"}[l—rn(67”—1)w+0{max(rn, |’ (b,)|) }dv
(98)

where the integral is over {v: 1 — k,v > 0}.
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Unfortunately (98) is not analytically integrable as it stands. However, we may replace e™? by

(1 — knv)Y/*n with error of O(k,), so (98) may be rewritten

E{M}|S; =w} = /v(l — k) exp{—(1 — knv)VF Y1 — o { (1 = knv) VP — 1}wd]

+o[max{ry, [¢(bn)[}] (99)

where we are assuming (without rigorous proof) that the interchange of limit and integration in (99)
is valid.
The integral in (99) may be evaluated analytically as

{1-TA +ky)}

E{M}|S; =w} =~ .

+ rowl(1+ k)

or equivalently

1-T(1+k, =
U-TO+k)} | Sy

kn Vno?

If we ignore the higher-order term, then we derive the simpler approximation

{1-T(1+k,)}
—

E{M,|S,} =~ by +an (1 + k). (100)

B{M,|Sp} ~ by + an (101)

We fit (100) and (101) to the following simulated data. We simulated 10,000 samples of size n =
30, 75,120, 360 from two distributions in the domain of attraction of the Gumbel domain which have
at least a twice (here, infinitely) differentiable densities: the standard Normal(u = 0,02 = 1) and

Lognormal with mean, = e!/8

, and variance, 02 = 61/4(61/4 —1). In each graph, we plot sum versus
maximum. We draw a smooth curve through the scatterplot using the S-PLUS ‘loess’ function. We
include 95% confidence bands to the data. Thus the “data” line estimates the “average” maximum

along the possible sum values. We substituted in the following variables into (100) and (101):

Dist Density | Inverse by, an, kr, Tn

- - T by

NOI‘malN Nl N 1 N 1(1 — 1/7’L) m 1 — Ay, Xl b'rLb \/ﬁ
Lognorm L L L1 L71(1—1/n) 77“[;1/(17”) 1— =X {1+ Oggggg_“} IZ;Q

Note that the calculations for b,, in the simulation are based on 1 — F' as opposed to the theoretical
result which is based on its asymptotic equivalence —log F'. The difference between 1 — F' and
—log F' is smaller than the higher order term that is being studied.

From the graphs (see Figure 1), first we see that the approximation performs better in the lognormal
case than in the normal case. However, this is to be expected because papers about penultimate
approximations show that the rate of convergence is better for the lognormal distribution than
for the normal distribution. Second even when n = 30, the fit for higher order expansion term
(the linear fit) is a substantial improvement over the asymptotic independence result (the constant).
Nevertheless, we note that the approximation does not lie within the 95% confidence bounds. Third,

in the neighborhood of n = 75, the higher order term expansion provides a good fit to the data for
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a. Normal, n=30 b. Normal, n=75 ¢. Normal, n=120 d. Normal, n=360

25 30 35 40 45 50 70 80 90 100 120 130 140 150 160 380 400 420 440

Figure 1: Simulation plots of sum versus maximum: Solid line is simulated data (loess fit with
95% confidence bands); Long dashed straight line is asymptotic Gumbel expected value E[M,],
approximated in (101); Dotted line is expected value of E[M,|S,] based on the approximation in
(100) which uses the higher order term.

a substantial range of the data. The most prominent range of noncompliance is in the upper tail
of the graph. This is more pronounced when n = 120. Fourth, even at a sample size equivalent to
modelling “annual” data (n = 360) the asymptotic independence result still has not been realized.
The Gumbel limit still does not lie within the confidence bands of the simulated data. Again, the

higher order expansion does everywhere except the very upper tail.

A final comment relates to the systematic deviations with respect to the expansion’s linear fit. In
each case, the expansion fits better (lies more within the confidence bands) in the lower part of the
graphs. In other words, the relationship between the sum and the maximum is approximately linear
in the lower two-thirds of the graph but not in the upper tail. An interpretation of this is that the
maxima are more compact for smaller sums. In other words, when the sum increases in the upper
tail the maximum increases more rapidly than a linear relationship, implying for larger sums there

is a higher probability of getting a very large maximum.

In conclusion, even at the annual sample level (n = 360) the asymptotic independence is not realized;
that is, for moderate to moderately large samples the sum and the maximum are not independent.
In fact, the simulation illustrates that the higher order expansion not only provides a substantial
improvement over the asymptotic result but also that the fit for the expansion is within the 95%
confidence bands for a large range of the data for moderate sample size. Thus the higher order

expansion should provide a better model not only with the conditional case but in modelling the
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joint density as well. Finally, in the upper tails we have seen that the relationship between the sum
and the maximum is not well approximated with this linear fit. An interesting extension to this
work would be calculating a second higher order term to study if this second term would compensate

for this nonlinear behavior in the upper tail.

7 Concluding Remarks

For moderate sample sizes, the higher order expansion term for the joint density of the sum and the
maximum appears to model this dependence between the sum and maximum well for a large range
of values. This should be a beneficial tool for modelers who either need to model this dependence or
who are trying to model the maximum and have information on the sum. With respect to the upper
tails where this linear approximation between the sum and the maximum does not appear to be a
good fit, further research should include investigating how much benefit would there be in deriving

the second higher order term in modelling the dependence between the sum and the maximum.

The present paper has not discussed possible applications of the results, but there are a number
of contexts in which the joint distribution of sums and maxima could be useful in statistics. One
particular context is climatology, where there is by now much research on trends in both the mean
and the extremes of temperature and precipitation series. It is natural to model the means and
extremes jointly, in order to test hypotheses such as whether there is a common trend that applies
to both the means and the extremes. However, assuming that the annual mean and the annual
maximum of a climatological series are statistically independent does not seem realistic for this
kind of application. In preliminary work, approximations based on the results of this paper have

performed much better in statistical work. Full details will be presented in a future publication.

Appendix

A Lemmas for Proposition 1

Lemma 8 Let F be in the domain of attraction of A so that the representation in (3) holds with

¢(x) = 1. Recall a,, and by, are the appropriate normalizing constants for the Gumbel distribution

defined in (5) and (4). Here u, = anv + b,. Also assume that

/
W — 1, uniformly on |v| < e, = —K log|¢'(by)] (102)
then
— IOg F(un) — 21 4! :
o \7m) vl n )|, l S n- 1
e B = ¢ L OWG G, uniformiy on fu] < e (103)
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REMARK The conditions of Proposition 1 are stronger and thus the results for Lemma 8 follow
immediately under Proposition 1.

PROOF: Here the argument is similar to that in the proof for Proposition 9.2 of Smith (1987).

From (3),

—log F(uy) v o(by)
—— Tog F(bn) = exp {/o 7¢(ant o) dt} . (104)

A Taylor expansion for the denominator of the integrand gives

" o(bn) /” ¢ (bn)
————dt = ————dt
/0 P(ant +by) o ?(bn) + antb
where 0 = ¢/(ans + by,) for some s between 0 and v. Recall that ¢(b,) = a,,. Thus (104) is equal to
1
exp{—a log(1 + 6v)}. (105)
Using a Taylor’s expansion of log(1 + ), (105) is equal to

exp{—(v + O(v?0)}. (106)

Equation (102) allows the substitution of ¢'(b,) for 6 in (106). Now using e~ “*" = e7?¢" and a
Taylor expansion for e” =14 r 4 o(r) when r — 0,

_ IOg F(un)

— oV 2| 4 : <
"oz F(by) e V[l + O(v*|¢'(by)|)], uniformly on |v| < e,.

Lemma 9 Let m > 1 be a finite constant, 6 > 0 be an arbitrary finite constant, and k be a finite

—v

constant. The function h(v) =e ¢ e

—muv

1s uniformly bounded Yv. In fact,

h(v) < min(e”™m™, k|v|~°%), V. (107)

PROOF: The result falls from standard calculus calculations. Since the function h(v) is a continuous
on —oo < v < 00, it is straightforward to show that h(v) has a finite sup and finite inflection points
for any finite m. To resolve the exact form of the bound, divide the domain of A into two parts:
|v| < its inflection points and than |v| > the inflection points. On the first interval, the maximum

is e7™m™. On the other two ends, it is possible to bound the tails by a polynomial tail.
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B Lemmas for Proposition 3
Lemma 10 Let f be any integrable density, then |¢,, (t)] — 0 uniformly in n as |t| — oo.

REMARK: The difference between Lemma 10 and Feller(1971), Section XV.4, Lemma 3 is that here
the characteristic function is based on the conditional density.

PrROOF: In the conditional version,

Un

[ (D) < ‘F(lu) [ costea) sy

1

i ‘F(i) / " sinta) f(2)da. (108)

1

The modifications due to the conditional density in equation (108) is the m term and the upper

limit of integration. Since u, is a threshold ( i.e. u, > z; 4+ J,Vn and for some § > 0 ), supnﬁ <
oco. Hence ﬁ does not impact the uniformity results. As for the limits of integration, only positive
functions are integrated in the proof. Thus if the result holds uniformly for the entire domain as in

Feller (1971), then it holds when the integration extends just to w,,.

Lemma 11 Let f’ exist and be integrable, then

limsup sup [¢] |@u, (£)] < oo

n—oo t

PrOOF: This is an extension of Lemma 10. Again we modify the unconditional version — in this
case, Feller (1971), Section XV.5, Lemma 4. The modifications include the ﬁ term and the
upper limit of integration which we have seen from Lemma 10 does not affect the results. Also, we

need the result only for limsup,,_, .., a weaker result.

Corollary 12 Given
limsup sup [¢] |pu, ()] < o0 (109)
n— 00 t

then there exists an n* such that |y, (t)|™ is integrable for n > n* > 1.

PROOF: Clearly if (109) holds, then there exists an n* and a constant ¢ < oo such that for all

n>n*,
sup [t] |pu, (£)] < c < oo.

This implies Vn > n*
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= it > ¢
w ()] < [t] =
INCTES B iy

Note the last line follows since ¢, (t) is a characteristic function. Therefore

2c
n—

> < gt
/ |80un(t)|”dt§2c+2c"/ W nes

— 00

1<oo Vn > n*.

Corollary 13 If [y, (t)|" is integrable for some n > n* > 1, then fg exists and Vn > n* > 1 has

1 (o]
Nn:—/ %)
21 J_ o

where n* is defined in Corollary 12.

Fourier norm

n—1( t )exp<_itu(un)\/n -1

w = o2 (un) R

ProoF: This falls from an application of the Fourier inversion formula of Feller (1971), Chapter

XV, Section 3, Theorem 3.

The characteristic function of S,, is
n—1
X —-(n—-1 n
QOS' (t) Eexp it Ez:l [ (n ):u’(u )
(n—1)o?(un)

Citp(un)vn — 1 t el

= ex w,,
ol o (un) ) o (n—1)o2(uy,)
where X* has the same distribution X|X < u,,.
Corollary 12 shows that this is integrable thus the Fourier inversion theorem holds. O

Lemma 14 For a continuous underlying distribution, given a § > 0 there exists a number gs < 1
such that
|0, (B)] < g5 Y|t| >0 and Vn > n*. (110)

PROOF: Using the same arguments as in the proofs of Lemma 10 and 11 to deal with ﬁ and the
limits of integration in the definition of ¢, (), it is straightforward to show
lim |py, (t) — ¢(t)] = 0, uniformly in ¢. (111)

n—oo

By standard properties of characteristic functions, see Feller(1971), Chapter XV, Section 1,

|p(t)] <1 whenever [t| #0 (112)
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and

(t) is continuous. (113)

From the Riemann-Lebesgue Theorem, see Feller (1971), Chapter XV, Section 4, Lemma 3,

1
36" such that |p(t)] < 3 V|| > §*. (114)
Now fix § > 0. Using (112) and (113),

J g5 € (%,1) such that |p(t)| < gs+ on § < [t] < 6™, (115)
Using (114) and (115),
()] < g5 [t] =4
Now, let g5 = (g + 1)/2. Then by (111), choose n* sufficiently large so that
lou, (t) —@(t)] < g5 — g5 Vt, Yn>n"

Using a triangular inequality argument,

[u, ()] < g5 V[t| >4, Vn>n".

Recall the notation

2 2

Y1) =Tog(t) — it + T0®, Y, (1) = og oy, (1) = itpa(un) + 5 0% (un)

Ks = ps —3E(X?)u+24°,  Ka(un) = p3(un) — 3E(X2‘X < up)pun) + 2p(un)’

Lemma 15 Assume us exists, there exists a 6 > 0 such that ¢"" exists and is continuous for some

t| < 8, and |y, (t)|" is integrable for some n* > 1, then

)3
o, (1) — IS o vy < 6 m > (116)

ProOOF: The inequality in equation (116) is solved by looking at the three term Taylor expansion
of v, and putting a bound on the remainder term. To do so, identifying the coefficients in the

Taylor’s expansion involves the following moments and characteristic functions.

Given the existence of us, clearly the lower moments and the corresponding conditional moments

exist. In fact, by dominated convergence theorem,
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MS(un) — K3, E(leX < un) - E(Xg)a ,U/(un) — p and K:3(un) — K.

Also by a similar argument since ¢’ exists and is continuous, then ¢’ and ¢’ exist and are continuous

as are the corresponding conditional versions. In fact,

" /

" 1 1 A
Oup =@, Pu, — @ and @y, — @

By usual characteristic function properties,
u, (0) =1, ¢,/ (0) = ip(un), ¢u,"(0)=?E(X?|X < un), ¢u,"(0) = E(X?|X < uy).

Using the definition of 1,

o Pun(t) ou,” () pu,'(t) ©u,'(t)
by, (t) = o () -3 20 2(1) +2( D )3, (117)
When t = 0,
Py, (0) =1, (0) = 1y, "(0) = 0 with 1, (0) = 3Kz (un). (118)

Taking the Cauchy form of Taylor’s expansion (see Johnson and Kotz (1982), Vol. 9, p. 187) of
¥, (t) about 0 and substituting in the coefficients found in (118),

(it)* K3 (un)

'(/)un (t) - 6

t3 14 "
_ ]6{% (0) — 1, (0)} (119)
for some 6 € (0,1).

To put the appropriate bound on the RHS of equation (119), the form of ¢, in (117) yields that it
is sufficient to show for each m = 0,1,2,3 that given € > 0 there exists a § > 0 (and n* > 1) such

that

l@u, ™ (t) = 0u, ™(0)| < € V|t| < and ¥Yn > n*. (120)

In fact, the LHS of (120) can be divided into the following three parts:

[P, ™ (1) = u, ™ O)] < lou, () = o O]+ [0 () = o ()] + |, T (0) = o™ (0)]. (121)

For the first term in the RHS of (121),
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-] 5 |l (505

/Oo(ix)me”‘tf(a:)dx . (122)

n

Clearly the first term of the RHS of (122) tends to 0 as n — oo since 1}1&(:;’) — 0 and |o™)(t)]

is bounded for m = 0,1,2,3. The second term also tends to 0, by dominated convergence theorem.

Thus there exists a n* such that Vn > n*

[P, () = ()] < /3 V. (123)

For the second term in (121), due to the continuity of ¢(") in a neighborhood of 0, for each m, given

an € > 0 there exists a § > 0 such that

(™ (8) = ™ (0)] < €¢/3 VIt < 6. (124)

Finally, for the third term in (121), recall ¢, ™ (0) — ¢(™)(0) as n — oo by dominated convergence

theorem. Thus for each m, there exists a n* such that

lw, ™ (0) — o™ (0)| < €/3 Vn >n* Vi (125)
Putting (123), (124), and (125) together, define § as smallest necessary in (124) and n* as large as
necessary in (123) and (125). Then (121) holds. O
C Lemmas for Proposition 4

Lemma 16 Let F be in the domain of attraction of A so that representation in (8) holds with
c(x) =1, then as u — x,

o(u)/u—0, x,=00 (126)

or

d(u) =0, x, < oco. (127)

PRrROOF: If z, < 0o, then —log F'(z,) = 0 so in the Balkema and de Haan (1972) representation [(3)

with c(z) = 1], To gt
exp{—/0 M}:O.
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Assume ¢(t) 4 0 as t — x,. Since ¢ is continuous, if ¢(z,) # 0, then there exists a constant ¢ # 0

such that given an € > 0 there exists a t. such that for some ¢ > ¢,
c—e<|p(t) <c+e.
The implication is

eXp{—/Omoq;Z)} >eXp{—/0tcdfg)}+eXp{—/tjn Ccffe} >exp{—xz__:c}.

This last term is a constant greater than 0 and thus a contradiction. Therefore

d(u) = 0, z, < oco.

For the case when z, = co: The definition of the Balkema and de Haan (1972) representation (3)
with ¢(x) = 1 includes ¢’(u) — 0 as u — oo. This implies that given a 6 > 0 there exists a us such
that

|¢' (u)| < g, Yu > ug. (128)

Now assume @ +# 0. This implies that exists an infinite sequence of u such that along this

sequence

¢(u) > kiu  for some k1 > 0. (129)
By the Fundamental Theorem of Calculus and using (128)
ow) = o)+ [ o0
us

< (b(ué) + g{u — u5}

0
< Ko+t - (130)

In the last line we are using that both us and ¢(us) are some finite constants.

Combining (129) and (130),

K2
’U/<75:I€3
K/]_—§

where k3 is some finite constant. But u — z, = co. Given this contradiction, the conclusion is

¢(w)

u

— 0, x,= 0.
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